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1 Introduction 



This paper is the fifth in a series devoted to the numerical evaluation of multi-loop, multi-leg Fcynman 
diagrams. In [1] (hereafter I) the general strategy was outlined and in [2] (hereafter II) a complete list of 
results was derived for two-loop functions with two external legs, including their infrared divergent on-shcll 
derivatives. Results for one-loop multi-leg diagrams were shown in [3] and additional material can be found 
in [4] . Two- loop three-point functions for infrared convergent configurations were considered in [5] (hereafter 
III), where numerical results can be found. 

In this article we study the problem of deriving a judicious and efficient way to deal with tensor Feynman 
integrals, namely those integrals that occur in any field theory with spin and non trivial structures for the 
numerators of Feynman propagators. Admittedly the topic of this paper is rather technical, but it is needed 
as a basis for any realistic calculation of physical observables at the two-loop level. 

The complexity of handling two- loop tensor integrals is reflected in the following simple consideration: the 
complete treatment of one- loop tensor integrals was confined to the appendices of [6] , while the reduction of 
general two-loop self-energies to standard scalar integrals already required a considerable fraction of [7] ; the 
inclusion of two-loop vertices requires the whole content of this paper. Past experience in the field has shown 
the convenience of gathering a complete collection of results needed for a broad spectrum of applications in 
one place. We devote the present article to this task. 

While a considerable amount of literature is devoted to the evaluation of two-loop scalar vertices [8], 
fewer papers deal with the tensor ones [9] ; for earlier attempts to reduce and evaluate two-loop graphs with 
arbitrary masses we refer the reader to the work of Ghinculov and Yao [10]. 

In recent years, the most popular and quite successful tool in dealing with multi-loop Feynman diagrams 
in QED/QCD (or in selected problems in different models, characterized by a very small number of scales), 
has been the Integration-By-Parts Identities (IBPI) method [11]. However, reduction to a set of Master 
Integrals (MI) is poorly known in the enlarged scenario of multi-scale electroweak physics. 

Our experience with one-loop multi-leg diagrams [3] shows that the optimal algorithm to deal with realistic 
calculations should be able to treat both scalar and tensor integrals on the same footing. This algorithm 
should not introduce multiplications of the tensor integrals by negative powers of Gram determinants, as 
the latter's zeros, although unphysical, may be dangerously close to the physically allowed region. The 
numerical quality of tensor integrals also worsens if they are expressed in terms of linear combinations of 
MI; the coefficients of these combinations have zeros corresponding to real singularities of the diagram [12], 
and the singular behavior is usually badly overestimated leading to numerical instabilities. 

From the point of view of numerical integration, it really makes little difference if tensor integrals are 
expressed in terms of generalized scalar configurations, or in terms of smooth integral representations which 
do not grant any privilege to a particular member of the same class of integrals. Of course, at the end of 
the day we are always left with the problem of numerical cancellations (an issue related to the strategy of 
trading one difficult integral for many simpler ones), and the optimal algorithm should minimize the number 
of smooth integrals in the final answer. There is no evidence that employing our approach one encounters 
more objectionable features than in reducing everything to MI; rather, in our opinion, the feasibility of the 
latter has still to be proved in the complex environment of the full-fledged Standard Model (SM), even if 
there are complete applications in QED [13] and in QCD [14]. 

We have not included four-point functions in the classification, although they are certainly needed to 
compute physical observables for fermion-anti-fermion annihilations or scattering processes, not yet a top 
priority in handling electroweak radiative corrections in the SM at the two-loop level. Note, however, 
that there is intense activity in (QED) QCD scattering processes [14] and [15]. Addressing the full set of 
corrections is, by necessity, a long term project which we undertake step-by-step (an attitude which should 
not be confused with narrow focusing). 

A large fraction of physical processes, in particular gauge bosons decays into fermion-anti-fermion pairs 
and accurate predictions for gauge boson complex poles, only require two- and three-point functions. Also 
for the analysis of the two-loop SM renormalization [16], two-point functions and vacuum bubbles are 
essentially all we need. Indeed, in order to evaluate the Fermi coupling constant G F from the muon life- 
time we always work at zero momentum transfer and neglect terms proportional to m^/M^; therefore, 
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all diagrams contributing to this process (boxes included) are simply equivalent to vacuum bubbles, i.e. 
generalized sunset integrals evaluated at zero external momentum. 

Feynman diagrams are built using propagators and vertices. In momentum space, the former are repre- 
sented by 

m (i) 

jr + m z — to 

where S — > 0+, m is the bare mass of the particle and N(p) is an expression depending on its spin. Our 
general approach towards the numerical evaluation of an arbitrary, multi-scale, Feynman diagram G is to 
use a Feynman parameter representation and to obtain, diagram-by-diagram, an integral representation of 
the following form: 

" 1 



G 



dxQ(x) 



(2) 



where x is a vector of Feynman parameters, S is a simplex, Q is an integrable function (in the limit <5 ^ 0+) 
and B G is a function of masses and external momenta whose zeros correspond to true singularities of the 
diagram G, if any. The Bernstein-Tkachov (hereafter BT) functional relations [17] arc one realization of 
Eq.(2), but in our previous work we considered different possibilities. 

Smoothness requires that the kernel in Eq.(2), together with its first N derivatives, should be a continuous 
function, with N as large as possible. However, in most cases we will be satisfied with absolute convergence, 
e.g. with logarithmic singularities of the kernel. This is particularly true around the zeros of B Gl where the 
large number of terms, induced requiring continuous derivatives of higher orders, leads to large numerical 
cancellations. 

As we stressed earlier, this article is by its own nature rather technical, but we tried to avoid as much 
as possible a layout which overwhelmingly privileges long lists of formulae in favor of interleaving the in- 
dispensable amount of technical details with examples. For completeness, however, we inserted Appendices 
where the reader can find a complete summary of the results occurring in the reduction procedure. 

The results presented in this paper are intermediate steps in any physical calculation; although the 
presentation is organized through a series of concatenated formulae that can be used recursively, further 
derivations on the part of the reader are required in order to obtain analytic or numerical results for a 
physical quantity. 

The outline of the paper is as follows: in Section 2 we recall our notation and conventions. In Section 3 
we review the problem of gauge cancellations and the use of Nielsen identities, while in Section 4 we illustrate 
all preliminary steps that should be undertaken in any realistic calculation (like projector techniques). The 
reduction of two-loop two-point functions is discussed in Section 5 and a complete list of the results is given in 
Section 7. The role of integration- by-part identities is discussed in Section 6. In Sections 8-11 we present the 
full body of our results for two-loop tensor integrals. (Rank three tensors for three-point functions are shown 
in Section 9.7.) Conclusions are drawn in Section 12. Additional material is discussed in the Appendices; in 
particular, the treatment of generalized one-loop functions is discussed in Appendix A. A concatenated set 
of easy-to-use formulae for the reduction of two-loop three-point functions is summarized in Appendix B; 
symmetries of diagrams are presented in Appendix C. 



2 Conventions and notation 

Our conventions for arbitrary two-loop diagrams were introduced in Sect. 2 of I. Specific conventions 
for three-point functions were introduced in Sect. 2 of III; vertex topologies were classified in III and are 
reproduced, for the reader's convenience, in Figs. 6-11. Here we briefly recall the terminology. 

A generalized one-loop diagram will be denoted by 

A-n r N 

^....^(Miv; {p}n-i, {m} N ) = -7-2- / d n qq^ ■■■ q^ L \\[i]- a \ (3) 

J A — I 
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where n = 4 — e, n is the space-time dimension, 1 fi is the arbitrary unit of mass, N is the number of vertices, 
and 



{a} N = ai, ••• , a N , [i] G = (g + ^ p 3 ) 2 + to- , p = 0. 



(4) 



The one-loop two-, three-,... point functions will be denoted by G = B, C, ■ ■ ■. 

A generalized two-loop diagram is defined with arbitrary, non-canonical, powers of its propagators; it can 
be cast in the following form 

G WU I {P}b I Me (pi t . . . j Mr I Vl j . . . j Vs . {r? l p} 7 {r? 12 p} ; {v 2 p} t {m}a+b+c) = 



2(4-n) 



i? S 1 a a+c 

d n 9 2 n «imt n 92.., n ^ + n ^ 

j=a+l 



r=l 



i=l 



°n + W+^)- ft , (5) 

;=a+c+l 



where a, 6 and c indicate the number of lines in the qi,qz and qi — qi loops, respectively. For generalized 
functions we use a — J2i=i a i e ^ c i while for standard functions (i.e. those where all the propagators have 
canonical power —1), a = a, (3 = b and 7 = c and we will write G al3j . Furthermore, 



h = qi +E7=i VijPj , 



1, . . . ,0, 



h =qi-q 2 + Ej=i w/ i i = a+l,...,a + . 



*i = 12 + E i= l Pj . 



a + c+1, ...,a + c + 6, 



where 77 s = ±1, or 0, and {p} is the set of external momenta. Diagrams which can be reduced to combinations 
of other diagrams with a smaller number of internal lines will not receive a particular name. Otherwise, a 
two-loop diagram will be denoted by G Q/37 , where G = S,V,B etc. stands for two-, three-, four-point etc. 
For scalar integrals we will use the symbol G^ 7 = G Q/37 (0|0; . . .). Following Eq.(5) dia grams arc further 
classified according to non empty entries in the matrices r/ s and in the list of internal masses. 

Integrals: To keep our results as compact as possible, we introduce the following notation (xo = yo = 1) 
where G stands for (hyper)cube and S for simplex, 



/ 



1 "i 



Vj-l 



T\dxi TT / dy j f{x 1 , ■ ■ ■ ,x ni ,y 1 , ■ ■ ■ ,y„ 2 ), 

,=1 3=lJ* 



dCS {{x} ; {y})f(xi, ■ ■ ■ ,x ni ,y l , ■ ■ ■ ,y„ 2 ) -- 

dS n ({x}) f(xi, ■ ■ ■ ,x n ) = TT / dx i f(x 1 ,---,x n ), 

i=i J o 

dC n ({x})f(x 1 ,---,x n )= / IT dxif(xi,---,x n ). 

J o i= i 



/ 



(6) 



Also, the so-called '+'-distribution will be extensively used, e.g. 



x 

f {*,{*}) 



J dC n ({z}) J 1 
J dC n ({z}) J 



dx 
dx 



x- 1 
f(x,{z}) ln n x 



J dC n ({z}) J 1 
J dC n ({z}) J 



dx 



dx 



/(x,{z})-/(l,{z|) 
x-l 

f(x,{z})-f(0,{z}) 



In" a; 



(7) 



The last relation in Eq.(7) is used when evaluating integrals of the following type: 



1 dx f{x)lnX 



iln our metric, space-like p implies p 2 = p 2 + p 2 > 0. Also, it is p4 = ipo with po real for a physical four- momentum. 
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Lists of arguments: To avoid long lists of arguments we introduce the symbol 

{m}ij ...k — rrii , irij , • • • , mfe, exactly in this order. (8) 

Miscellanea: We often need combinations of squared masses and momenta, 

kjk = Pi - m? + ml, l P jk = P 2 - rrij + m\, l pjk = p 2 - m 2 + m\, 
™ 2 ijk = m i -m 2 + m 2 k , m\j = m 2 - m 2 , Pij = Pl ■ Pj , 

{G)ij=pij, D = dct G = p\p\ — (pi ■ p 2 ) 2 , D 1 =p\pl, D 2 =p 12 p 2 2 , D 3 =p 12 pj, (9) 
and of Feynman parameters, 

1 _ X \ 

x = l-x, Xi = l-Xi, y i = \-y i , etc, X = — = 1 - X (10) 

1 — X 2 

Y i = -(l-y i + y 3 X), Y 2 = l-y 2 X, Hi = 1 - Xl - x 2 Y t , i=l,2. (11) 

2 2 

F(x,y)=p 2 x 2 + 2p 12 xy+p 2 .y 2 , m 2 x = ^ + (12) 

x 1 — x 

Symmetrized tensors: We define (partially) symmetrized tensors as follows (S a /3 is the Kronecker delta 
function) , 

{pk}^ = Pn K +p„k fl , {Sp} a /3~f = S^py + 5 aJ pp + Sp-fPa, 

{PPk}af3 7 = p a Pf3 fc 7 + Pa P 1 kjj + p^ p (i k a 
{ppk}a 1 \f3=PaP(]k 1 +p 1 Pl3ka, {5 p} a fl | 7 = Saj Pf3 + 5fjj Pa ■ (13) 

Contraction: If p is a vector and / is a function, we introduce the symbol 

/(••• ,P, •••)=P M /(--- ,M, ■■■). /(••• /'/'••••■ ./'••• /'"••••'• (14) 



MS factors: Finally wc remind the reader of the definition of MS factors, 

u 2 — 1 a 2 

&uv = 7 + InTr - In A^y = A^, uj = — , (15) 

| P z | e 7r 

where 7 = 0.577216 • • • is the Euler constant. In one-loop calculations the definition A uv = 2/e — A uv 
is often employed. Finally some authors prefer to define n = 4 — 2 e. 

2.1 Definition of one-loop generalized functions 

Products of one- loop functions occur in the reduction of two-loop diagrams; generalized one- loop functions 
arc defined in Eq.(3), specific examples of one- and two-point (scalar) functions are 

if f d n q 

A (a;m) = —^r / — g- jt- , A (a; [m i; mj]) = A (a; m l ) - A (a; m 3 ), 

itt J (q z + m z )™ 

B o (a,0; p,m\,m 2 ) = -A, [ — 2 f g — jvr (16) 

Z7T 2 7 (q 2 + mf) a ((q +p) 2 + m$)P 

Note that we always drop strings like 1, 1, • • • in the argument of standard functions, namely, we write A (m) 
for A (l,m) etc. Tensor integrals are: 

«tt 2 J (q 2 + mf) a {{q + p) 2 + m^)P 
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1 " - B 21 (a,(3; p,{m}i 2 )PnP v + B 22 (a,(3; p,{m}i 2 )Sn V , (18) 



iTT 2 J (q^+m\) a ({q+pf+mlY 
their reduction is given in Section 7. Generalized one-loop three-point functions are introduced as follows: 

C Ml ,.. w ({a} 3 ;pi,P2,{m}i 23 ) = K [ d n q {[ q H fl^, (19) 

l7T J 3 = 1 i=l 

with [i] = Qf + mf and Qi = q + p + ■ ■ ■ + Pi-i, Po = 0. In particular, 

C^{pi,P2,{m} 12 3) = -A- [ ^q-r^- 2TT7 — I ^2 1 %T7 — I 1 \2~, 2r ( 20 ) 

The integrals of Eq.(19) can be reduced, for example, 

C>({a} 3 ; Pi,P2,{m} 123 ,) =C 11 ({a} 3 ; • • + C 12 ({a} 3 ; ■■■)p2», (21) 

C^({ a }3 ; Pi,P2, {m}i 23 ) = C 21 ({a} 3 ; • • -)pi^pi v + C 22 ({a} 3 ; • • ■)p 2ll P2v 

+ C 23 ({a} 3 ;■■■) { P ip 2 }^ + C 24 ({a} 3 ; • • •) (22) 

where the symmetrized product is defined by Eq.(13); for the reduction we refer to Appendix A. 

For completeness we also define generalized one-loop four-point functions, although they are not needed 
in this article : 

e r I 4 

£„i,-,«({a}4;Pi,P2,P3,{m}i234) = JL. cTqUq^Uli]-^, (23) 

lW J 3=1 i=i 

etc. Once again [i] = Q\ + mf , Q { = q + p H h with p = 0. 

2.2 Alphameric classification of graphs 

In our conventions any scalar two-loop diagram is identified by a capital letter (S, V, etc.) indicating 
the number of external legs, and by a triplet of numbers (a, (3 and 7) giving the number of internal lines 
(carrying internal momenta qi,q 2 and q\ — q 2 , respectively). There is a compact way of representing this 
triplet: assume that 7 7^ 0, i.e. that we are dealing with non-factorizable diagrams, then we introduce 



K = 7 n 



cw (/?-!) + <*-! +7 (24) 



for each diagram. For G = V we have a max = 2 and 7 max = 2. Furthermore, we can associate a letter of the 
English alphabet to each value of k. Therefore, the following correspondence holds: 

121 -> E, 131 -» I, 141 -> M, 221 -> G, 231 -> if, 222 -» ff. (25) 

For G = S we have a max = 2 and 7 max = 1, therefore 

111 — > A, 121 ^ C, 131-»£, 221 ^L>. (26) 

This classification is extensively used throughout the paper and motivated by the unavoidable proliferation 
of indices; the reader not familiar with it should remember that storing the elements of a matrix into a vector 
is a well-known coding procedure (e.g. in Fortran). Note that in II and in III this convention was not yet 
used and the correspondence of results is simply provided by Eqs.(25)-(26). 
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3 Tensor integrals and gauge cancellations 



Any Feynman integral with a tensor structure can be written as a combination of form factors 

*max 

Gfii-.-fix = y ' G s Fi ■ Ml ... MJV , (27) 

where the Fi . M1 ... ^ N are tensor structures made up of external momenta, Kronecker delta functions, e-tensors 
(which will cancel in any CP-even observable) and elements of the Dirac algebra; the scalar projections G l s ad- 
mit a parametric representation which is equivalent to the one for the corresponding scalar diagram but with 
polynomials of Feynman parameters occurring in the numerator. Once we have an integral representation 
for the primary scalar diagram, with the desired properties of smoothness, then, analogous representations, 
with the same properties, also follow for the induced scalar projections. Therefore, from the point of view 
of numerical evaluation there is really little difference between scalar and tensor integrals. 

However, there is a problem due to the fact that we are dealing with gauge theories with inherent gauge 
cancellations which do not support a blind application of the procedure just described. A very simple 
example will be useful to illustrate the roots of this problem. Consider the one-loop photon self-energy in 
QED and express the result in terms of scalar one-loop form factors [6] ; we obtain 

n^ = n{v + n^„, (28) 

n{ = -Ae 2 \{2-n)B 22 - P 2 \b 21 + B^ -m 2 5 }, U f 2 = -8 e 2 \b 21 + , (29) 

where e is the bare electric charge and B etc. are the standard one-loop functions of [6], all with arguments 
(p 2 ;rrif,mf). The gauge invariance of the theory is controlled by a set of Ward-Slavnov-Taylor identities [18] 
(hereafter WST) , one of which requires n£„ to be transverse; this hardly follows from expressing the form 
factors in parametric space followed by some numerical integration. Rather, it follows from a set of identities 
that one can write among the standard one-loop functions (B 22 etc.) directly in momentum space, the so- 
called reduction procedure ( "scalarization" in jargon). This procedure, in its original design, is plagued by 
the occurrence of inverse powers of Gram determinants whose zeros are unphysical but sometimes dangerous 
for the numerical stability of the result. 

There is another example where gauge cancellations play a crucial role. Suppose that we decide to work 
in the so-called gauges with one or more gauge parameters which we will collectively indicate by £: 
the expected £ independence is seen at the level of S-matrix elements and not for individual contributions 
to Green functions. From this point of view, any procedure that computes single diagrams and sums the 
corresponding numerical results, without controlling gauge cancellations analytically, is bound to have its 
own troubles. 

These two rather elementary considerations suggest the following strategy: first impose all the require- 
ments dictated by WST identities and see that they are satisfied. At this point organize the calculation 
according to building blocks that are, by construction, gauge-parameter independent. 

The first step requires some form of scalarization (which, as we saw, may be numerically unstable), but 
the perspective is different: scalarization is now needed only to prove that certain combinations of form 
factors are zero, and any occurrence of Gram determinants does not therefore pose a problem. 

In the second step we need to control the £ behavior of individual Green functions; a possible tool is 
represented by the use of the Nielsen identities (hereafter NI) [19]. Typically we will consider the transverse 
propagator of a gauge field: 

where p 2 = — s, M is the bare mass of the particle and II(£, s) is the self-energy. The corresponding NI 
reads as follows: 

^n(£, s ) = A(£ )S )n(£ )S ), (3i) 
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where A is a complex, amputated, 1PI, two-point Green function and the complex pole is defined by 

s - Ml + s) = 0, d s s = 0. (32) 

Let us consider now the amplitude for i — > V — > /, where V is an unstable gauge boson and i/f are 
initial/final states. The overall amplitude becomes 

^M s ) — — - i + non- resonant terms, (33) 

s s 1 "I - -Li. {s j 

where it is understood that the vertex functions Vj 1 and V" include the wave-function renormalization factors 
of the external, on-shell, particles. It has been proved that 

^[l + n'( S -)] _1/ V;( S -) = 0; (34) 

this combination is the prototype of one of the gauge-parameter independent building blocks that are needed 
to assemble our calculation of a physical observables. All gauge-parameter independent blocks will then be 
mapped into one (multi-dimensional) integral to be evaluated numerically. 



4 Projector techniques 



Any realistic calculation requires several steps to be performed before we can actually start to compute 
diagrams or sums of diagrams; in all of them, some action can be taken in order to simplify the structure of 
the amplitude in some efficient way. Much work has been invested in this area and we refer to recent work 
of Glover [20] for an exhaustive list of references. 

Here we focus on few examples. Consider, for instance, the matrix element for the decay of a vector 
particle V into a fcrmion-antifcrmion pair, V{P+) — ► ,f(p+).f{p-) (all particles are on their mass-shell); 
instead of decomposing all tensor integrals into form factors, we first decompose the vertex into the 
following structures, 



M = u(p_) e • V v(p+) = u(p_) F V {+F A ff 75 + F s P_ • e + F P P_ • e 75 v(p 



>+)■< 



(35) 



where = e M (P+) is the polarization vector for the V particle, subject to the constraint e • P + = 
(P± = p+ ±P-)- We also introduce projectors to extract the form factors appearing in Eq.(35) [20] 

Y / P I M = F I , (36) 

spin 

where I = V, ^1, 5 or P. The explicit solution for the projectors is obtained considering four auxiliary 
quantities 

Pi =v{p+)iu{p-), P 2 = v(p+)^ 5 u(p-), 
P 3 = e-P- v(p+) u(p-), P 4 = e- P- v(p+) 75 

Let us define (5 M — M 2 — 4 to 2 , where M is the mass of the vector boson V and m is the mass of the fermion 
/: we get 



P v 
P P = 



1 



2 (2 - n) M 2 

1 ft, 



TO 

Pi+2i — P 3 

Pm 

Ps = -i- 



Pa 



2 (2 - n) ft 



P2, 



2M 2 /3 M ' a M 2 {2-n)f3 

thus providing the scalar coefficients Fj. For example, 
1 „ 1 



Pi 



2m(3 A 



F v = 



n-2 



TrJF v , 



2M 2 



7"A_KA + 



im , „ 

— j A_ P + ■ V A + 

M 4 



2M 4 
i to 



M 2 P. 



Am 2 + {n-2)M 2 P 3 |, 

A+ A_P+ • VA+ 
-A_P_ ■ VA+, 



(37) 



(38) 
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where A + = — m and A_ = — + m. This procedure completely saturates indices and allows 

us to consider only integrals with positive powers of scalar products in the numerators. Then a reduction 
procedure follows and we will show that the final answer contains only generalized scalar integrals. For 
a discussion on projector techniques in conventional dimensional regularization or in the 't Hooft-Veltman 
scheme [21] we refer again to [20]. 

Another example we want to consider is the amplitude for s — > 77, where s is a generic scalar particle; 
for this case we follow the procedure of Binoth, Guillet and Heinrich [22] and introduce the vectors 



3=1 



— r J> > Gtf — 2 Ti 

3 = 1 



(39) 



The square of the s — > 77 vertex is further decomposed into 



Vfil* — Pd &fj,u ~t~ ^ ^ Pp,ij Ti^ L Tjjy. 



(40) 



The form factors of this decomposition are expressed through the action of projectors, 

F P 



tp _ y F ■■ — P* 1 " V 

± D x D y llVi ± P,IJ — ± P^j v [ll> •> 



J n 



1 



n-2 



p^ u = 4 

P,V 



1 



RH- R v . G" 1 P^ 

1 3 2 3 D 



These projectors have the following properties: 



(41) 
(42) 



Ri ' r 3 ~ 2 ^ ' 



D 'IV 



0. 



1 D D.LLV 



n-2 



(43) 



The whole procedure is better illustrated in terms of an example, an /-family contribution to the decay 
H — > 77, see Fig. 1. The corresponding integral is 



P2 




Pl 



Figure 1: /-family contribution to the decay H — * 77. Internal dotted lines represent a Higgs-Kibble (f>-&eld, while 
solid ones indicate a VF-field. 



=g 5 st^T M 2£ / d n qi d n q 2 { [(q 2 + ?1 ) ■ (p 2 - Pl ) - q\ - q x ■ q 2 



5» v 



qi <& + (H + (&YP U 1 - (Qi + + (q2 - qxf + (qi + ©)" & - (qi + 

{q\ + Ml) ( Ql - q 2 f {ql + M*) ((q 2 + Pl ) 2 + M 2 J ((q 2 + P) 2 + M 2 J 



(44) 
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where sg (c$) is the sine (cosine) of the weak- mixing angle. Terms containing q 2 , qi ■ q 2 and q 2 ■ p\ are 
immediately eliminated from the final answer. Consider now terms with q% (for those with qf there is an 
analogous argument); with straightforward substitutions we obtain 



/ 



FipZ + FipZ 



(45) 



where with F, etc we indicate some combination of form factors of the V family whose explicit expression 
is not relevant for our discussion at this stage. When we project with ?d" or with R iv it follows that 



/ 
/ 



FP^q 2 , 

FRU^ 



Fj Ri ' r j 



When we have a term with q% q 2 and project with P£" it follows 



/ 



FP^qUZ 



/ j ' i ' j 



F d S^ 



Pd,/ms > Fd Pd, 



(46) 



(47) 



The number of form factors may be further reduced by requiring that on-(off-)shell WST identities hold. 

The procedure that we just illustrated can be easily generalized to other situations; consider, for instance, 
the off-shell vertex corresponding to V\ — ► V 2 + V3 where the Vj are gauge bosons. By off-shell we mean that 
the sources Jy emitting/absorbing the vector bosons are not physical (therefore d^Jlf—Q is not assumed) 
and are not on their mass-shell; this choice is also needed when two of the particles correspond to (idealized) 
stable, physical, vector bosons and we want to check a WST identity. In full generality we write the following 
decomposition of the vertex: 



A 

v » a i3 = \a, S^ a rf + B t 5^ rf + C, 



ijk=l 



Using the relations 



Ri ■ r,- 



Ri ' Rj — — Gaa , 



we introduce the following projectors: 



Al 

Dijl 



V 



p/j.a/3 



6 ^a R _2Q»<x RP <p 



5^ Rf 



2 grf Rf , r^f = 5 afi Rf - 2 g af} Rf , 



Rt Rf Rf - 



3 1 2(n-2) 
Their action can be represented as 

A; = 



Haf3 
Ci 



(48) 



(49) 



(50) 



(51) 



n-2 Al ' n-2 31 ^ t - n _ 2 

At the level of triple vector boson couplings we encounter an additional complication, namely CP-odd form 
factors are absent only in the total amplitude but not in single diagrams. Therefore, one should write a more 
general form for the vertex, including CP-odd terms: 

2 



vr p = J- [tf. e (A, a, a) rf + F t e(A, a, M , (3) rf + G t e(A, a, a, (3) rf 



r\\r 2a . 



(52) 



i=l 



The following property holds: Vff V e ^ af} = 0, for I = A, B, C and V%f k V^ af3 = 0. 

For external Proca fields (and also for Rarita-Schwinger fields), however, our preference will be for 
other methods [23] where the wave- functions for vector particles can be entirely expressed in terms of Dirac 
spinors with arbitrary polarization vectors allowing for the implementation of projector techniques for helicity 
amplitudes [20]. 
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5 Techniques for the reduction of two-loop two-point functions 



It is well-known that the reduction of two-loop tensor integrals can be achieved up to two-point functions 
if we are ready to enlarge the class of scalar functions. The original derivation is due to Weiglein, Scharf and 
Bohm [7] ; for completeness we review here the necessary technology and refer the reader to Appendix B for 
the full list of results. 

Standard reduction to scalar integrals amounts to writing down the most general decomposition of tensor 
integrals, and to transform this relation into a system of linear equations whose unknowns are the form factors 
and the known terms follow from algebraic reduction between saturated numerators and denominators. 

The well-known obstacle on the road to scalarization of multi-loop diagrams is represented by the oc- 
currence of irreducible numerators, i.e. those cases where a ■ p term appears in the numerator, but no 
parameterization of the diagram can be found where the inverse propagators q 2 + and + p) 2 + mf 
simultaneously occur. For any two-loop self-energy diagram with / propagators there are 5 — 1 irreducible 
scalar products. To illustrate the procedure we start considering some simple example, e.g. a vector integral 




ra 3 

Figure 2: Scalar diagram of the S^-family, the so-called sunset (or sunrise) configuration, 
of the S^-family, depicted in Fig. 2, 



S A (^\0; P ,{m} 123 ) = ^ J d n qi d n q 2 



[1] [2M3] A ' 

where we introduced a shorthand notation for the inverse propagators: 

[l] = qf+mj, [2] A = (qi - q 2 + pf + m 2 , [3] A = q\ + ■ 



(53) 



(54) 



Apparently we meet an irreducible numerator, but we can generalize the procedure considering an intermedi- 
ate reduction with respect to sub- loops, a technique originally introduced in [7]. In the following subsection 
we briefly illustrate this technique. 



5.1 Reduction to sub-loops 

Consider Eq.(53): we may write 



d n qi 



[ipl 



X A (q 2 -pV 



If we multiply both sides of Eq.(55) by (q 2 — p)^ and use the identities 



qi-p qi ■ q 2 , 1 

2 



ql + q 2 - 2 q 2 ■ p + m 2 2 + p 2 



[2], 



[1] 



[1]' 



(55) 



(56) 



[2]. [2], 
we can solve for X A obtaining 

XA = ~2WJ dnqi i m mU A + W] ~ W 
where a new propagator has made its appearance, [0] A = (q 2 — p) 2 . We then use a second pair of identities, 



(57) 



92 -P 



i - 



4 +p 2 



[3]. 



= 1 



[3], 



(58) 
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to obtain the following result: 

S A (ji | ; p, {m} 123 ) = 1 S A (0 \/i;p, {m} 123 ) + ± S A p„, 



(59) 



^ + 1) S c (p, {m} 12 , 0, m 3 ) + - 2) S >, {m} 123 ) 

' 2 1 

711 711 

- -%L S A (0,0,{m} 12 ) - A ([ mi ,m 2 }) (1 + -£) B„(p, m 3 ,0) + ^ A (m 3 ) . 
D z L p A p z - 



da ~ m 12 \-^2 



(60) 



In Eq.(60) we used generalized one-loop scalar functions denned in Eq.(16) and 

S ° iP > {m}l234) = £ I dUqi [1][2] [3] [4] 

where the propagators are [2] c = (<?i — <j 2 ) 2 + m|, [3] c = q% + TO i an d [4] c = (<?2 + I?) 2 + m l- Henceforth we 
continue our derivation for S A (0\fi;p, {m}i 23 ) and write another equation, 



(61) 



, solution for Y A is obtained, 



Ya 2 [0] 



d n q 2 



with a new 



32 - [0U 1 J_ 

[2] A [3]. [2], + [3], 



propagator defined by [0] Aj4 = (qi + p) 2 . It follows that 

S A (0 \n;p, {m} 123 ) = 1 S> I ; p, {m} 123 ) + J S b > M , 

2 2 

# = -™32 + 1) S c (p, {™} 32 ,0, mi) - (^f - 2) #(p, {m} 123 ) 



(62) 



(63) 



(64) 



+ -f- S£(0, 0, {m} 32 ) + A([m 3 , ma]) (1 + -£) B„(p, mi.O) + -j A. (mi) 



1 



(65) 



Therefore, using the system of Eqs.(60)— (65) we can solve for both vector integrals in terms of scalar functions. 

The full list of results will be given in Section 7. Already from this simple example we see the appearance 
of generalized scalar loop integrals in the reduction of tensor ones. In the next Section we present the strategy 
for their evaluation and discuss the general case based on a special set of identities. 



6 Integration by parts identities and generalized recurrence relations 



A popular and quite successful tool in dealing with multi-loop diagrams, in particular those contain- 
ing powers of irreducible scalar products, is represented by the integration-by-parts identities (hereafter 
IBPI) [11]. It is well-known that arbitrary integrals can be reduced [24] to an handful of Master Integrals 
(MI) using IBPI [11] and Lorentz-invariance identities [26]. 

For one-loop diagrams IBPI can be written as 



d n q 



_d_ 



VaF{q,p,m 1 ■ ■ ■) 



0, 



(66) 
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where v = q,p\ ■ ■ ■ ,p E , and E is the number of independent external momenta. By careful examination of 
the IBPI one can show that all one-loop diagrams can be reduced to a limited set of MI. Here we would like 
to point out one drawback of this solution. Consider, for instance, the following identity [25], 

B (l,2; p,m l ,m 2 ) = , 2 1 2 \(n - 3) (to 2 - m\ - p 2 ) B (p,m 1 ,m 2 ) 

+ (n - 2) k( mi ) - P 2 +fi+ m * A(m2 )| \ (67) 

where \{x,y, z) is the familiar Kallen lambda function \{x,y, z) = x 2 + y 2 + z 2 — 2x?/ — 2xz — 2yz. The 
factor in front of the curly bracket is exactly the BT-factor associated with the diagram; from the general 
analysis of [3] we know that at the normal threshold the leading behavior of B Q {\, 2) is A -1 / 2 , so that the 
reduction to MI apparently overestimates the singular behavior; of course, by carefully examining the curly 
bracket in Eq.(67) one can derive the right expansion at threshold, but the result, as it stands, is again a 
source of cancellations/instabilities. Our experience, e.g. with one-loop multi-leg diagrams [3], shows that 
numerical evaluation following smoothness algorithms (e.g. Bernstein- Tkachov functional relations [17]) does 
not increase the degree of divergence when going from scalar to tensor integrals. 
The IBPI for two-loop diagrams can be written as 

d r n 

d n qid n q 2 - — 6 M F(q 1 , q 2 , {p}, mi • • •) =0, a = q u b = q^p x ■ ■ ■ ,p E , (68) 



/ 



where i = 1,2, and E is the number of independent external momenta. Again, using IBPI, arbitrary two- 
loop integrals can be written in terms of a restricted number of MI. The problem remains in the explicit 
evaluation of the MI; in the following of this Section we want to show that the solution is purely algebraic 
and, at the same time, we will discuss the relationship with our approach. Consider again the scalar and the 
two vector integrals in the S^-family: for them we have 

S A (0\0;p,{m} 123 ) = S A , S A (p J \0;p,{m} 123 ) = S?p )M , S A (0 | n ; p, {m} 123 ) = #p M . (69) 

Introducing the notation 



[ VS A = ( dx [ dy \x (1 - 
J Jo Jo L 



x) £/ V 2 -\ (70) 



'0 ^0 

we derive the parametric representation for the scalar and the two vector integrals: 

Sf=^T(e-l) J VS A P^(x,y) X 1 - e (x,y), (71) 

where T (z) denotes the Euler gamma function, ui is defined in Eq.(15) and where we introduced the auxiliary 
polynomials 

P A = -h Pf = x(l-y), P 2 A = -y. (72) 

The quadratic form x A m Eq.(71) is given by \a = ~ P 2 V 2 + (p 2 — m 2 + m 2 ) y + to 2 , with m 2 defined in 
Eq.(12). 

The evaluation of the scalar integral was discussed in [1] and can be easily extended to cover the two 
remaining cases. This simple example can be fully generalized, thus proving that any smoothness algorithm 
designed for scalar integrals will also be effective to deal with tensor ones; physical observables can be 
evaluated without using a reduction procedure. Needless to say, however, that when cancellations are at the 
basis of the result - for instance when testing the WST identities of the theory - scalarization should be 
attempted; indeed, in these cases the goodness of the result depends crucially on our capability to express 
the whole set of graphs in terms of a minimal set of integrals. 

One way of deriving this result is purely algebraic: to achieve scalarization, which is equivalent to express 
irreducible tensor integrals in terms of truly scalar functions, we write down generalized functions 

2(4— n) r ^ 

ST la3la2 (n;p,{m} 123 ) = / d n qi d n q 2 TT [i]~ a \ (73) 

7T 4 J f = \ 



13 



with [1] A — [1], which are defined for arbitrary space-time dimension n. Subsequently we fix n to be 
n = J2i oii + 1 — e and obtain 

ST la3la2 (n ; p, {m} 123 ) = - " 3 " E " +£ / ^ 2 a-' 1 / 2 (1 - a)-"/ 2 (1 - y)" 3 y<^ 2 (74) 

where u> is defined in Eq.(15) and where we introduced powers 

pi = 1 + ai - a2 - Q!3 + e, p 2 = 1 + a 2 - ai - a 3 + e, p 3 = a 3 - 1, p 4 = ai + a 2 - a 3 - 3 + e. (75) 

According to the work of Tarasov [27] the content of Eq.(74) can be interpreted by saying that we have a 
scalar integral in shifted space-time dimension and with non-canonical powers of propagators; equivalently, 
we may interpret it as an integral in the canonical 4 — e dimensions, with all powers in the propagators equal 
to one but with polynomials of Feynman parameters in the numerator. To formally show this equivalence 
we write 

2 

St = £ ^ i+e h 3 ST 1 ft 1 73 K- ; p, {m} 123 ), i = 1,2, (76) 
j=i 

with Uj = Oij + /3j + 7j + 1 — e, and fix all coefficients and exponents in order to match Eq.(72). A solution 
is therefore given by a.\ = 1, /3i = 2, 71 = 2, or by a 2 = 2, /3 2 = 1, 7 2 = 2, with coefficients fen = —1, fci 2 = 
and fc 2 i =0, fc 22 = 1- 

Note that, starting with two-loop vertices and due to the presence of irreducible scalar products, we 
should abandon the term "scalarization" in favor of a more general concept, namely the reduction to a 
minimum number of functions that are needed to classify the problem at hand. One can hence adopt a 
reduction to scalar integrals in shifted dimensions, followed by a solution of generalized recursion relations [27] 
(which include the IBPI method as a particular case) reducing the large set of integrals to relatively few 
MI. Alternatively, we can decide to relate the form factors to truly scalar integrals in the same number of 
dimensions and belonging to contiguous families, and to integrals with contracted and irreducible numerators 
for which a numerical solution is available; the quality of this latter numerical solution is as good as the one 
for the scalar configurations. 

The two procedures are algebraically equivalent and preference is, to some extent, a matter of taste, 
although the power of a procedure can only be justified a posteriori by the goodness of the corresponding 
result. As a matter of fact, a reduction to master integrals is notoriously difficult to achieve when the problem 
is characterized by several scales. For completeness we stress that Davydychev [28] and, later on, Bern, Dixon 
and Kosower [29] gave expressions for one-loop tensor integrals with shifted dimensions; Campbell, Glover 
and Miller [30] discovered good numerical stability for one-loop integrals in higher dimensions; and a simple 
formula expressing any Appoint integral in terms of integrals in higher dimensions was given by Fleischer, 
Jegerlehner and Tarasov [31]. 

An example of reduction of generalized functions with the help of IBP techniques is provided by the well- 
known result that all generalized scalar sunset diagrams with zero external momentum (i.e. vacuum-bubbles) 
can be fully reduced. To see this we first introduce 

2e p ^ 

S*({a} 3 ; 0, {m} 123 ) - ^ / d n Ql d n q 2 TT [i(p = 0)]""% (77) 

where [i] A is defined in Eq.(54) but with p = and [1] A — [1]. IBPI reduce all functions in this class to 
combinations of S£ (1, 1,2; 0, {m}i 23 ) and products of one-loop integrals. For instance we obtain 

S*({a} 3 ; 0, {m} 123 ) - -J- 5 A ({a} 3 ; 0, {m}i 23 ), (78) 

TO 132 

etc, with 

A, (mi) A (m 2 ) 



S o A (0, {m}i 23 ) - A{ tl; 2 : U3 > S?{1, 1, 2 ; 0, {m} 123 ) + 
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■z 1 y + — | A (mi) A (m 3 ) - - 1 + ~4 1 A a {m 2 ) A (m 3 ) 

2 V TO3 mj/ 2 V mi mi J 



2 m 2, 

I _ _2 

9 9 

7713 m|- 



S A (2, 1, 1 ; 0, {m} 123 ) = m| 13 S A (1, 1, 2 ; 0, {m} 123 ) + 



3 A (mi) A,(m 2 ) + ("-^ -j) AK) A„(m 3 ) 

771 \7Ti^ /Tig / 

S A (1, 2, 1 ; 0, {m}i 23 ) = m 2 23 S A (1, 1, 2 ; 0, {m} 123 ) + ^-^ f - A) A(m 2 ) A (m 3 ) 

^ L \ 11 1 o 111 o / 



n — 


2 r 


2 




1 








m§ 




n — 


2 r 



A (m 2 ) A (m 3 ) 



^^(mijAo^) + A (mi) A (m 3 ) 



m 



77 io 



(79) 



etc. The number of terms in the reduction tends to increase considerably for higher powers in the propagators 
of the generalized sunset functions but, as we said, all of them can be expressed through the (1, 1, 2) sunset 
integral and products of one-loop ^-functions. 



7 Reduction for tensor two-point functions 

In this Section we give a full list of results following the method of Weiglcin, Scharf and Bohm [7] as 
derived in Section 5. Scalar two-loop two-point functions are defined by 

1 



So(P,{ m }l23) = 


^ J 


f d n Ql d n q 2 


S o(P, ( m }l234) = 


TT A J 


f d n Ql d n q 2 


So (pA™} 12345) = 


TT 4 J 


f d n qi d n q 2 


So(pA m }l2345) = 


^ J 


f d n qi d n q 2 



[1] [2]. [3].' 
1 

[1] [2]c[3]c[4] c ' 
1 

[1] [2M3] fl [4] fl [5] fl ' 
1 

[1] [2] E [3] B [4] B [5] E ' 



(80) 



with propagators 



\l]=ql + m\, [2} A = ( qi - q 2 + p) 2 + ml [3} A = q 2 + m 2 , (81) 

[2]o = (9i - q 2) 2 +m 2 2 , [Z] c = q 2 + m 2 , [4] c = {q 2 + p) 2 + m\, (82) 

[2] D - (qi +p) 2 + ml [3} D = ( qi -q 2 ) 2 +ml [4] D = q\ + m|, [5] D = (q 2 + p) 2 + m 2 . (83) 

[2] E = ( qi -q 2 ) 2 +m 2 2 , [3] a = <£ + m§, [4] E = (q 2 + p) 2 + m\, [5} E = q% + m 2 5 , (84) 

Propagators [i] E should not be confused with those appearing in Eq.(117) which refer to a three-point 
function. These scalar diagrams were investigated in [1], Eq. (89) and Eqs. (146-147) for S£ = in [2], 
Sect. (5.8) for 5 c = 5' 121 , Sect. (7.3) for S° = Sf 1 and Sect. (7.8) for 5 E = S 131 . Furthermore, we define 
form factors according to 

S I (p\0) = Sip li , S'(0\») = Si Pfl , S'(»,v\0) = S I 112 6^ + S I 111 p flPv , 

S I {n\v) = S[ m S ia> + S[ ai p ll p v , S'{Q\ii,v) = Sl aa 6 lu> + S 1 m p ll p v , (85) 

with I = A,C, D, E; the irreducible classes for two-loop two-point functions are shown in Fig. 3. Generalized 
one-loop functions are given in Eqs.(16)-(18): after reduction, (with Ay = \(—p 2 ,m 2 ,m 2 )) we obtain 



u e f d n o 1 
A (a,m) = -^ / q = — l- -f \ A (a-l,m), Rca > 1, (86) 

lit J {q z + m^) a m z L 2 (a— 1) 
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Figure 3: Irreducible classes for two-loop two-point functions. 



S 1 (2,l;p,{m} 12 ) 
fl al (2,l;p,{m}i 2 ) 

B 22 (2,l;p,{m} 12 ) 



1 



2 p 2 
1 1 



A (2, mi) - B„(p, {m}i 2 ) - l p u B (2, l,p, {m} 12 ) , 

nl p i2 A (2,mi) +nA ([mi,m 2 ]) + 2(2p 2 - n l pl2 ) B (p, mi, m 2 ) 



4 (n - l)p 4 
(4p 2 m 2 (n - 1) - n A12) B (2, 1 ; p, TOi, m 2 ) 
1 1 



A ([mi,m 2 ]) + Z p i2 A (2,mi) + 2 Z p2 i B (p, {m}i 2 ) 



4 (n — l)p 2 
+ \ 12 B (2,l;p,{m} 12 ) , 
B t (l, 2; p, {m}i 2 ) = B t {2, 1 ; -p, {m} 21 ) - B (2, 1 ; -p, {m} 21 ), etc. 



(87) 



In this Section it is always understood that the space-time dimension is n = 4 — e. Whenever reducibility is 
at hand we apply standard methods and obtain the following list of results: 



1 



OC _ _ 



1 1 



A (m 2 ) B (p, {m} 34 ) + nS° 12 (p, {m}i 234 ) + m\ S°(p, {m}i 2 34) 



{-P 2 Aj([mi,m 2 }) B {p, {m} 34 ) + p 2 m\ 23 5 c (p, {m}i 234 ) 



2 (n- l)p 4 

P 2 ^(P ; {"i}i2 3 4) - n l P3 4 S°{p, {™}i 234 ) + Sf{p, {m}i 24 ) I , 



(88) 



W 221 



4 (n - l)p 4 ( A34 S ' oC( ~ P ' ^ m J' 1234 ^ ~~ lpi3 S °( Pl { m i 124 ) + ^(°' {™}i23) ~ 2p 2 S^(p, {m}i 24 ) 
+ (n - 1) [(A 34 - 4p 2 m 2 ) S c (p, {m}i 234 ) + (3p 2 - m 2 + m 2 ) S A (p, {m}i 24 ) 

- ^34 S*(Q, {m}i 23 ) - 2p 2 #(p, {m}i 24 )] } , (89) 



S c =- 1 



A ([m 1 ,m 2 ]) B (p, {m} 34 ) - m 2 132 S°(p, {m}i 23 ) + S*(p, {m}i 24 ) 



2 n- 1 

+ lp 34 S°(p, {m} 4234 ) + Sf(p, {m} 424 ) , 



(90) 



1 1 



S * 22 4(n-l)p 2 l 



{-A 34 5 c (p, {m}i 234 ) + Z p43 [s*{p, {m}i 24 ) + S*(0, {m} 123 )\+p 2 S?(p, {m}i 24 )} ; (91) 
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2p 2 



-Z p3 4 S°(p, {m}i234) - Sg{p, {m}i 24 ) + S„ (0, {to}i 24 ) 



"ill - 



A (m 2 ) B (2, 1 ; p, {to} 34 ) +nS? 12 {p, {m}i 2 343) + to 2 Sg(p, {m}i 2 343) 



1 



A ([m 1 ,m 2 \)C (p, -p, {to} 343 ) + m 123 S B (p, {m}i 23 43) - S°(p, {m}i 23 4 



2 (n - l)p 2 

- nZ p3 4 Sf(p, {rn}i 23 43) -n^ffj), {rn}i 234 ) , 



Sa " = I (n -l)p 4 ( (n ^ 34 + m ^ 5 ° E(:P ' {m}l2343) + 2 (n ^ 34 ~ 2p2) S °( p > ^H**) 
- n/ p3 4 S o c (0, {™}i 233 ) + « [S A (p, {m} i 24 ) - S*(0, {m} 123 )] } , 



1 1 



A ([mi,TO 2 ]) B (2, 1 ; p, {m} 34 ) - to 123 S,f (p, {to}i 234 3) + S°{p, {to}i 2 34) 



4 (n - 1) 

+ ip34 Sf (P, {to} 12 3 43 ) + Sffo {to} 123 4) , 



SE = 1 L_ 

222 4 (n - l)p 2 



- A 34 S E (p, {m}i2343) + 2 Z p 43 (p, {m}i234) 



+ ; p3 4 S o c (0, {m} 123 3) - S*(p, {to} 124 ) + 5 o A (0, {m} 123 ) 



CD _ 



S? = 



1 1 



2p 2 



" l P 34 S*(p, {to}i2 343 ) - S°(p, {to}i 234 ) + S°{0, {m}i2 33 ) , 



{(" l l\2 +4m 2 p 2 )5' ( f(p, {m} 12345) - nl pl2 S°(p, {m} 



131--, ) 



4 (n- l)p 4 

4p 2 - n (3p 2 - to 2 2 ) S„(p, {to} 23 54) + 2np 2 Sf (p, {to}i 345 ) + Sf(p, {m} 23 54) } , 



^ = 1 1 

121 4(n-l)p 



4 {-2p 2 B (p, {to}i 2 )B (p, {to} 45 ) 



+ (n (p 4 + p 2 TO24 5 - p 2 to 2 + to 2 2 to 2 5 ) + 2 TO 2 34 p 2 ) 5° (p, {m}l 23 45) 

- n/ P 45 ^(p, {to}i3 45 ) - (2p 2 -nl p45 ) S°(p, {to} 23 54) - nl pl2 S°{p, {to} 4 3i 2 ) 

- (2p 2 - nl pl2 ) S c (p, {to} 532 i) - n \s*(p, {m} 432 ) + S*(p, {m} 53 i) 



+ n 



^(0,{TO}43i) + ^ A (0,{m} 532 )]}, 



1 1 



4 (n - 1) 



— |(4to 2 p 2 +nl 2 pi5 ) S°(p, {m} 1:2345) -nl p5i S°(p, {to} 4 312) 



4p 2 - n (3p 2 - to 2 5 )] 5 c (p, {m} 5321 ) + 2 np 2 Sf(p, {to} 43 i 2 ) + 2nSf(p, {to} 532 i)} 
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Al2 S°(p, {m}i2345) + lpl2 S°(p, {m}i34 5 ) + ip21 S° (p, {m} 2 354) 



4 (n - l)p 2 
2p 2 Sf (p, {to} 1345 ) + 2p 2 S 1 c (p, {m} 235 4) 



(102) 



151022 4 (n - 1) F 
™54 ~ _ 

'(P, {^}l345) + ^p54 iS°(p. 



p 2 B (p, {m} 12 ) B a (p, {m} 4 5) 



2 2 2/2, 2 o2 

m 12 m 54 — P \ m l + m 2 — ^TOg 



- to 2 



■ TO 2 ) — p 4 



^(Pi { m >12345) 



3 i " "4 ' 5 / -P Wj I ""J 1^340; 

+ ^45 {m} 1345 ) + l p54 S°(p, {to} 23 54) + fpl2 ^(P, {™}4312) + ip21 ^(P, {™}532l) 

{m} 432 ) + S A (p, {m} 53 i) - S*(0, {to} 43 i) - S A (0, {m} 53 2)] , 



(103) 



nD _ 1 1 

222 4(n-l)p 2 

„2 oc 



-A 45 ^(p, {TO}i2345) + ip45 ^(p, {to} 43 i 2 ) + Z p54 S°(p, {to} 532 i) 



2p 2 Sf(p, {m} 4312 ) - 2p 2 Sf(p, {to} 532 i) 



Al " 2p 2 



^ " 2p2 



-/ 



<p!2 



S?(p, {m}i2345) + S°{p, {m}i 345 ) - S c (p, {to} 2354 ) , 



- Zp45 S„(p, {m}i 23 4 5 ) + S„(p, {m} 4 312) - S°{p, {to} 5 32i) 



(104) 



(105) 



(106) 



The standard reduction procedure does not work for the S° and Sf form factors, since for them the scalar 
product p • qi is irreducible. In order to express these form factors in term of other scalar functions, it is then 
necessary to employ the procedure outlined in Section 5, i.e. considering first the scalarization with respect 
to the sub-loops. Employing Eq.(131) one obtains the following relations 



1 1 



^A ([m 1 ,m 2 \) A (m 3 ) - B {p, {to} 34 ) Z p34 + B o (p,0,m 4 ) (p 2 + to 2 ) 



4 TO 2 p 2 

- S°(p, {to}i 234 ) l p34 TO 2 23 + S°(p, {TO}l 2 , 0, TO 4 ) TO 2 2 (p 2 + m\) - S*(p, {to}i 24 ) TO 2 

+ S A (0, {to} 123 ) to 2 23 - S*(0, {to} 12 , 0) m 2 2 } , 



(107) 



S ? = 7 —r^\^o([mi,m 2 
4 TO3P L 



;]) iy^ A (TO 3 ) - B ( P , {TO} 34 ) (p 2 + TO 2 ) + B ( P 2 , 0, TO 4 ) (p 2 + TO 2 ) 
\1 9 7 2 r-ru? / r l \ 



- to 2 l p34 B (2, 1 ; p, {m} 34 ) - m 2 Z p34 to 2 23 S E (p, {to} 12343 ) 

- ( m 12 (P 2 + m l) + m 3 S o(P, {m}l23i) 

+ m\ 2 (p 2 + to 2 ) S°(p, {to} 12 , 0, to 4 ) + to 2 to 2 23 5 o c (0, {to} 1233 ) 
+ m\ 2 [^(0, {to} 123 ) - S o A (0, {to} 12 , 0)] } . 



(108) 



8 Strategies for the evaluation of two-loop self-energies 

In this Section we provide an explicit example of possible strategies to evaluate diagrams with a non- 
trivial spin structure. Consider the diagram in Fig. 4, representing one of the two-loop contributions to the 
Z-boson self-energy (the diagram may be needed to assemble the components of a scattering amplitude or to 
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Figure 4: Example of a diagram belonging to the 5 ,c -family and contributing to the Z self-energy. Dashed lines 
represent a //-field. 

compute a doubly-contracted WST identity, in which case we have to multiply the corresponding expression 
by PfiPv). In the i?£-gauge, with [£] = (q 2 + p) 2 + £ 2 M 2 the diagram is be written as 



I'^K 2, [d n qi d n q2 { 



K = i] 



(<?2 +P)n(02+P)v 



1 



{<&+Ml)[{ qi -q 2 y + Ml]{ q l+Ml) 



Ml 

3 ff 4 7T 4 M 2 

8 c|M 2 



K = i] Kz] 



} 



(109) 



After multiplication by p^Pv we can perform all the algebraic manipulations, like rewriting q 2 ■ p and q 2 in 
terms of propagators, or we can use Eq.(85) and the results of Section 7 in order to obtain a fully scalarized 
expression. Alternatively, again using Eq.(85), we can write 



n d = 5f 22 (l)-5 2 c 22 (G) + A/ 2 ^(l), 

IF = Sf 21 (l) - Sg^ z ) + 2S?(1) - 2S 2 C (£ Z ) + SZ(1) - $f (£ z ), 



(110) 



where we explicitly indicated the dependence on the gauge parameter £ z - To derive an explicit expression 
for the form factors we decompose the diagram according to S = S DP + S S p + S F , where the subscripts refer 
to double and single ultraviolet poles and to the finite ultraviolet part. Note, however, that the splitting is 
defined only modulus constants. The three components of the result (with a presentation limited here to 
the £ = 1 part) are given in the following list: 



1 -t-2 

J2~ A - 



2 ; DP ? 



^ ; DPI 



S. 



,1 , 49 n 1 ,,- 1 . 1 9 5 , 1 9 , a9 

= (gP 2 + y < + 2 M ") DV ~ + (12 f " 4 « + I M ") 



(111) 



^0: SP — ^ A L 



d.T lnx(s) - - 



<? c - 1 A 



1 - 



dxa; ln%(x) 



a 221 ; SP ~ Z U fV 



dx x 2 In y(x) 

o w 36 
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M 2 , A r 



,5 2 97 , r2 13 ,,,.-5- 



23 



M 2 H ln^A, 



+ A UV / dCS(x; y,z) | - |^3 y M 2 + 3 (p 2 - M 2 + M 2 ) z - 4 z 2 p 2 J ln X (a;,y,z) 

I M 2 (3y 2) |" ln x( x '^' z ) ln X (a:,t/,z) 
H La; + x — 1 



(112) 
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dCS (x ; y, z) 



lnx{x,y,z) 



i-y 



dxhix{x) Li(x) + 2 



3 1 

2 ~ 2 



C(2), 



D 2;F 



J dCS( 



x;y,z)z 



\nx{x,y,z) 



1-2/ 

^ 21;F = | dCS^y,*) z 2 + £ dxx * l nx (x) [l, (x) + 2] - ^ - 1 C(2) 

5 2 c 22 ;F =y dCS(x;y,z) {m£ (1 - | y) ln(l - .*) 



cfex ln X (x) [Li(a;) + 2] + H + I ((2), 

+ Jo L J ID 4 

1 



lnx(a;,y,2;) 



3 r 

2 
5 

2 



y M 2 H + {p 2 - M 2 H + M 2 )z-Qz 2 p 2 \n X {x,y,z)L 2 {x,y,z) 



yM 2 +{p 2 -M 2 +M 2 )z-z 2 p 2 ln X (x,y,z) 



+ M 2 H (-y-l)ln 2 (l-x 



lnx(x,y,z) 



^ + -M^(l-y) 



\n X (x,y,z) lnx(x, y,z) 



x-1 



+ M 2 H (-y-l) 



In x(x, y, z) L 2 (x, y, z) lnx(z, y, z) L 2 (z, y, z) 



.t - 1 



+ 



1 , 43 o 1 ., 



145 



1 



9247 



— p 2 M 2 +-M 2 C(2) + P 2 --C(3)M 2 , 

24 P 24 8 Z J SW 864^ 3^ v; " 864 



251 

288 



■Mi 



(113) 



Here ((n) denotes the Riemann zeta function. To derive our result we introduced the auxiliary functions 

1 1 



x(x)=x(l-x)s p + fj, H (l-x)+fj, z x, n x = li H 



x 1 — x 
2 /„. „\ 1 ..2 „ , ,,2 



(114) 



X(z, y, z) =x(l- x) \ z (1 - z) s p + fi H {y-z) + [i z zj +fj, x (l-y), 

where s p = sign(p 2 ) and p? H = M 2 / \ p 2 \, p? z = M 2 / \ p 2 \. We define L lt2 , 

Li(x) = ln(l — x) — h\x{x) , L 2 (x, y, z) = lnx(a;, y, z) — ln(l — y) — \nx — ln(l — x). (H5) 

The '+'-distribution is used according to the definitions of Eq.(7). 

In conclusion we may say that Eqs.(lll)-(113) prove that whenever we can find an algorithm of smooth- 
ness for scalar integrals, then the same algorithm can be generalized to handle tensor integrals. The whole 
diagram, or even sets of diagrams, can be successively mapped into one multi-dimensional integral. The 
only additional complication is represented by those cases where the scalar diagram is ultraviolet convergent 
while tensors of the same family diverge; in this case one cannot set e — from the very beginning but, 
apart from this caveat, the procedure will be essentially the same. 



9 Reduction of tensor two-loop three-point functions 

In this Section we move to the complex environment of three-point functions. Two independent external 
momenta induce seven scalar products containing qi and/or q 2 , and the number of irreducible ones is 7 — I 
where I is the number of internal lines in the diagram (note that 4 < / < 6); the choice of the set of 
irreducible scalar products has, of course, some arbitrariness. In any case, for two-loop diagrams we never 
have complete reducibility with respect to both qi and q 2 . Actually, in evaluating observables for physical 
processes, we encounter a more general situation: massive SM gauge bosons are unstable particles and final 
states are always made up of stable fermions and/or photons. Referring to Fig. 5 we have propagators that 
depend on p x and p 2 +P3, therefore losing full reducibility in the q 2 sub-loop. The whole procedure will be 
developed on a diagram-by-diagram basis with the double goal of writing explicit integral representations 
for all form factors and of deriving a suitable algorithm to express them in terms of ordinary and generalized 
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Figure 5: A contribution of the V K family to H — » Z* Z — > Z//. External momenta flow inwards. 

scalar functions. Therefore, for each set of graphs, we will show that all integrals can be expressed in terms of 
generalized scalar functions, part of which should be subsequently treated within the context of generalized 
recurrence relations [27]; the final answer will contain a limited number of master integrals. 

Alternatively, and this represents our preferred solution, all the integrals not belonging to £4 - the class 
of ordinary scalar functions in n = 4 — e dimensions - can be evaluated according to the given integral 
representation, following the same lines that we have already adopted in II and in III for solving the problem 
in the £4 class. 

For each diagram there are many equivalent ways to assign loop momenta; we will make a specific choice 
for the matrix 7/ of Eq.(2) (the defining parametric representation of the graph) and stick to it also when 
diagrams of a given family appear in the result of the reduction of the tensor integrals of other families. In 
these cases the necessary permutations of momenta should be performed, as it will be shown in Section 10. 

In our presentation the different families are ordered according to the choice made in [5], where the 
scalar members were computed explicitly and where the ordering was dictated by a criterion of increasing 
complexity in the evaluation and by the fact that three graphs belong to the same class V 1N1 . Therefore, in 
the following subsections we present and discuss techniques for treating {V E , V 1 , V M } € V 1N1 and the more 
complicated ones, V G , V K and V H . A complete summary of all results for reduction of three-point functions 
is provided in Appendix B. 

9.1 The V E -family (a = l,/3 = 2,7 = 1) 

We start our analysis considering the scalar member of the V^-family of Fig. 6, which is representable as 

^ Vf( P2 ,P, Wl234 ) = f J / ^ [1][2U 3 ]e[4]e , (116) 

with propagators defined by 

[l]=ql + ml [2} E = ( qi -q 2 ) 2 +m 2 2 , [3] B = (q 2 + p 2 ) 2 + m\, [4] E = (q 2 + P) 2 + ml (117) 

Note the symmetry property V E (p 2 , P, {m}i234) = V E (P,p 2 , {rnj-1243), besides the one shown in Eq.(438) of 
Appendix C. 

The scalar diagram is overall divergent and so is the (a, 7) sub-diagram. Vector and tensor integrals for 
all classes usually show additional ultraviolet divergences which have been transferred from the momentum 
integration to the parametric one. Also for this reason we will keep the n dependence explicit, i.e. n ^ 
4 (e 7^ 0) in all paramctrizations. In the following we will discuss vector and rank two tensor integrals for all 
families. Rank three tensor are fully analyzed in Section 9.7. 
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Figure 6: The irreducible two-loop vertex diagrams V E ■ External momenta flow inwards. Internal masses are 
enumerated according to the parametrization of Eq.(117). 



9.1.1 Vector integrals in the V E family 

We also consider the V E vector integrals and introduce the following decomposition in terms of the p\ , p 2 
basis: 

V E (p\0;p 2 ,P,{m} 123i ) = Vi E AP2,P,m 123i )p Hl , 

i=l,2 

V E (0\fx; P 2,P,{m} 123i )= V£(p2,P,{m}w*)piv ( 118 ) 

i=l,2 

Note that we always use the convention V x (p | ; • ■ •) = p M V x (p | ; • • •). 

V E will often appear in the reduction of the form factors belonging to other families and special care 
should be applied in writing the correct list of arguments. To help understanding this list we rewrite V E 
according to the following equation: 

I d n nd n r 2 Y[ ^T 1 = V n ( fc c, k d , {m} abcd ) (k d - k c )^ + V E (k Cl k d , {m} abcd ) k cfl , (119) 

I— a 

where the propagators are now generically written as 

D a = r 2 +m 2 a , D b = ( n - r 2 f + m 2 b , D c = (r 2 + k c ) 2 + m\ , D d = (r 2 + k d ) 2 + m 2 . (120) 

Here £ = 1,2 and m a , . . . ,m d are generic masses, k c and k d are the external momenta appearing in the 
propagators D c and D d , respectively, and n, r 2 are the loop momenta. Note that the following identities 
hold: 

V E (c,d) = -V E (d,c) + V E (d,c), V E (c,d) = V E (d,c), (121) 

where (c, d) = (k c , k d , {m} abcd ) etc. Therefore, Eqs.(119)-(120) tell us how to identify the proper list of 
arguments when these integrals appear as the result of a reduction of tensor integrals belonging to other- 
classes and a permutation has been applied in order to conform to the convention of Eq.(120). 

As we explained earlier, all these form factors could be computed directly, without having to perform a 
reduction. For this reason it is important to list their integral representation. The explicit expression for 
the vector form factors of this family is 

V* = -T(e) J VV E P i3 , EX - e {^y,z), (122) 

PqO;E = 1) P\X;E = XZ, P\2;E = ~% U •> ^~21;E = ^~22;E = V •> (123) 
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with an integration measure denned as follows: 

J VV E = uj e J dCS {x ;y,z) x (1 - x) 



e/2 



(i-y) 



(124) 



where u> is defined in Eq.(15) and where, with our choice for the Feynman parameters, the polynomial \ E i s 
given by 

Xe( x >V> z ) = - F (z,y) + (pi - m l + m i)y+ ( 2 Pi2 + li34)z + ml, (125) 

where we used Eq.(12). All these functions can be manipulated according to the procedure introduced in III 
and they will give rise to smooth integral representations. 
The generic scalar function in this family is 



ya 1 \a 3 ,ot4\a 2 



r(e) 



4 4 

(n = J> - e) = tt" V) 4 "" / d n qi f d n q2 f[{i]- a > 

i=i J J i=i 

dCS (x ; y, z) x^ (1 - x)^ (1 - (y - z)^z^ X " e (x, y, z), 



rr=ii>i) 

where [1] E = [1], u> is defined in Eq.(15), with powers /?o = 4 — X^=i a j + e an d 



Pi 



1 / x , e 

- (-ai + a 2 + a 3 + a 4 ) - 1 - -, 



P2 

Henceforth, for the form factors of Eq.(118) we can write 



1 , N , e 

- (ai - a 2 + «3 + ai) - 1 - 2' 



1 , x , e 

P3 = - («1 + Ck2 - "3 - "4) - 1 + ^' 



p 5 — a A - 1. 



(126) 



(127) 



(128) 



with w defined in Eq.(15) and nuj — J2k=i a kUj ~ e - The coefficients kuj and the exponents auj, can be 
easily read out of the following explicit expressions: 



yE 
v 11 

V E 



; 2 yl I 1,2 | 2 



V, 



1 I 2,1 I 2 



1 | 1,2 | 2 



2 1 1,2 1 1 



1|1,2|2 



F 2|2,l|l + F 2|l,2|l + ^112,112 + ^111,212 



(129) 



all to be evaluated for n = 6 — e. As usual, there still is the problem of evaluating the integrals of Eq.(129) 
by means of recurrence relations or, in other words, to link all of them to MI and to develop an algorithm 
to evaluate the master integrals. 

Based on our experience with one-loop multi-leg diagrams, we propose an alternative: an algorithm for 
the evaluation of tensor integrals offering the same stability characteristics as for scalar integrals. More 
precisely, we mean a result which is, from a numerical point of view, of the same degree of stability for 
all integrals and where the real nature of any singularity, apparent or not, is independent of the rank of 
the integral under consideration. Let us start with V B (fi | 0), where sub-loop reduction techniques may be 
applied giving 

(130) 



/ 



dnqi mr E - XEq2 ^ 



and where X E by standard methods is computed to be 

Xe = 2 / dnqi imu + W I jA ft + [2jJ }' 



(131) 
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with [0] E = q\- As a consequence of this result we obtain 

V E ( f i | ; p 2 , P, {m} 1234 ) - - [m 2 21 V'(0 \ fi ; P2,P, {m}i2, 0, {m} 34 ) + V E (0 \ fi ; p 2 , f, {w}i234) 

- C At (p2,Pi,0,{m} 3 4) A ([m 2 ,mi]) 



(132) 



so that the gi^ vector integral in the _E-family is related to the <7 2m vector integrals of the I — E families. 
The function in Eq.(132) is defined in Eq.(20), the I family will be discussed in Section 9.2. For the 
V rE -family we have partial reducibility, i.e. V E (0\p\) can be expressed in term of known quantities: 



V E (0\p 1 ;p 2 ,P,{m} 1 2 34 ) 



1 



(Jim + 2 Pl2 )V E (p 2 , P, {m} 1234 ) - S*(p 2 , {m} 123 ) + S^P, {m} 124 )j . (133) 
Thus we can write 

V E (0 \p! ; p 2 ,P, {m}i 234 ) =p\l Z y;E + Pi ■ P Iy-E - V E (p 2 ,P, {m}i 234 ) , 
where two new quantities were introduced, 



(134) 



l zy;E 



r(e) J VV E (z-y) X -\ 



ty;E 



■r(e) I W E (l-2/) X - 



Similarly, we derive 

V E (0 \p 2 ;p 2 ,P, {m}i 234 ) = pi ■ p 2 I zy -E + P2 ■ P 



K E (p 2 ,P,{m} 1234 ) 



Assuming p\ ^ 0, we can eliminate one of the two unknowns from Eq.(134) obtaining 

Pi hy,B = ~Pi-P \ly-E - V E (p 2 ,P, {to}i 234 )1 + V E (0 \ Pl ; p 2 , P, {m}i 234 ), 



(135) 



(136) 



(137) 



and express V E (0 |p 2 ) in terms of standard functions and I y;E , which is the integral of Eq.(126) with a = 
= 2 and 7 = 5 = 1, corresponding to n = 6 — e. Hence, one generalized scalar function in shifted space-time 
dimension suffices in this class, although we certainly prefer to use V E (0\p2) in n = 4 — e dimensions, for 
which we can derive a smooth integral representation. 

9.1.2 Rank two tensor integrals in the V E family 

Tensor integrals with two powers of momenta in the numerator can be treated in a similar way. New 
ultraviolet divergences arise; for instance with a q\ iL q2 V numerator also the (cn,/3) sub-diagram is divergent. 
We define a decomposition according to 

V E (n,v\0; ■■■) = V E lPll ,p 1 „ + V E 2 p2 l ,P2v + V E 3 {p 1 p2} l ,v + V E i 5^, (138) 

where the list of arguments has been suppressed and where {pk}^ is defined in Eq.(13). Strictly analogous 
definitions hold for the qi^v tensor integrals (V 12i form factors) and for the q 2 q 2 ones (V 22i form factors). 
Consider first the form factors in the 22i series; taking the trace in Eq.(138) gives 

n V E 2i + p\ V E 21 + 2 Pl2 V E 3 + p 2 2 V e 2 =-(pI + ml) V E - 2 [p 12 V E + p\ V E ] + S*(P, {m} 124 ). (139) 

As a second step we multiply Eq.(138) by p\ v and obtain 

- (/i34 + 2pi 2 ) V E + S*(P, {m} 124 ) + S?(P, {m} 124 )j , 

" (/134 + 2 Pl2 ) V E 



v E i +piv E 1 +p 1 2V E 3 = 



Pi2V E 2 +plV E 3 = 



+ ^ A (P,{m} 124 )-^ A b 2 ,{m} 123 ) + 5 2 ^P,{m} 124 )-5^p 2 ,{™} 123 ) . (140) 
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Eqs.(138)-(140) give a system of three equations for four unknowns; for one of the form factors we can write 
a combination of two generalized scalar functions, e.g. 



F W|i + y i|i,i|2 



n — 6 — e 



(141) 



where uu is defined in Eq.(15), and solve Eqs.(138)-(140) in terms of the generalized scalar functions. An 
alternative procedure is based on the following integral representations: 

V 2 E 2i = -r (e) J VV E P 22l;E x - e (x, y, *), ^4, v E 2i = - \ r (e - l) J VV E x^x, y, z) , 

p221;E — Z ) p22;E = V J ^223;E ~ V Z - (142) 

The three integrals can be computed via their representation, following the general strategy already adopted 
for scalar integrals. Similar representations hold for the remaining tensor integrals, for instance we obtain 



V^ = - l -T{e-l) I VV, ,V -(,-.,/.:). 



V*< = -T(e) 



jw E {- 



x(l — x) 
2 - e 



14-6 



2 e - 1 



x E +Rr 



+ 



1 x' 



2 e 



1 ^ E 1 



P 12i;E = a; P 22 , iB , P lli;E = x 2 P 22i . E for i ^ 4, P E = y) + m\ 



(143) 



with F defined in Eq.(12). Note the singularity hidden in the x-integration in the formulae above. The 
<l\^iv tensor integrals are easily reduced as the following relation holds: 

V E (l- L I v ! Vii Pi {™}i234) = ^ ml 1 V'(0\n,i/;p 2 ,P,{m} 1 2,0,{m} 3 4) + V E {0 \ fi , v ; p 2 , P, {m}i 234 ) 

+ C^(p 2 ,pi,0,{m} 3 4) A ([m 2 ,mi]) , (144) 
while those with <7i M gi„ require some additional work. To derive the corresponding result we start with 

(145) 



mi 



where the sub-loop form factors are 

1 



B 22:E — (Xi-E — X2-e), B 21:E — (X 2[E — B 22 . E ) 

n — 1 I2 



and also 



X hE = J d n Ql 



X 2 -e = - A I d n qi 



q\ + 2m\ x 



+ 



■ 1 


m\ ' 






We~ 


[1][2] E - 






3 


1 


m 12 ( 


1 


ql+m 2 2 




[0] E [1] 



[1] [0] E [2], 



with [0] E = <?f. The complete result reads as follows: 

V E (v,v\0; •••) = 



1 



4(n- 1) 



<^ + V E 



(146) 

(147) 
(148) 

(149) 



V E = - m{ 2 V '(p 2 ,P, {m} 12 , 0, {m} 34 ) - 2 (m? + m^) V E (p 2 ,P, {m} 1234 ) - y E (0| M , ^;P2, P, {m} 1234 ) 

- A (mi) C o (p 2 ,Pi,0, {m} 34 ) + £ (Pi, {m} 34 ) 

- Ao(m 2 ) m\ 2 C o (p 2 ,Pi,0, {m} 34 ) + B (p 1 , {m} 34 ) , 
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Vb,»u = n m\ 2 V M (0 \n,v; Pl ,P, {m} 12 , 0, {m} 34 , 0) 

+ 2(nm 2 21 + 2mj)V'{0\n,i>; p 2 , P, {m} 12 , 0, {m} 34 ) + n V E (0 \ fi, v ; p 2 , P, {m}i2 34 ) 

- nAoimx) m\ 2 C^ v (2, 1,1; p 2 ,Pi,0, {m} 34 ) - C^^Pi, 0, {m} 34 ) 

- A (m 2 ) (3n.-4)C Ali/ (p2,Pi,0,{m}3 4 ) + nm2 1 C A(i/ (2,l,l;p2,Pi,0,{m}3 4 ) , (150) 

which concludes our analysis of the F E -family; note that Vg can be further decomposed following the 
standard procedure and also contributes to the 8^ part of V E (/x, f | ; •••)■ Also for the q 2fl q 2u tensor 
integrals we can write down a system of equations and solve it, or we can use their explicit representations. 
In Eq.(150) we used generalized C-functions; since these functions refer to one-loop diagrams we have full 
reducibility of tensors while the scalars can be expressed in terms of standard C (1 , 1, 1) and B (1, 1) functions 
by repeated applications of IBP identities; one should only be aware of the appearance of denominators 
vanishing at the anomalous threshold. Once again, we could use their explicit parametric representations 
treated with the BT-algorithm. 

Results for this family are summarized in Appendix B.l. V® = Vg 21 is discussed in Sect. 5.1 of III, the 
evaluation of the corresponding form factors is addressed in Section 11.1. Note that x E (Eq.(125)) is defined 
in Eq. (62) of III by rescaling by 1/|P 2 |, a normalization which is better suited for numerical integration and 
that we have used for all the x functions of III. The same comment (rescaling % by 1/|-P 2 | in III) applies to 
all families of diagrams. The Vi of Eqs. (62) - (63) of III, defined in Eq. (7) of the same paper, coincide with 
the Vi quantities defined in Eq.(297) of the present paper. 

9.2 The V'-family (a = 1, /3 = 3, 7 = 1) 

We continue our derivation considering the scalar function in the y J -family of Fig. 7, where only the 
(a, 7) sub-diagram is ultraviolet divergent. This function is representable as 

^V>( Pl ,P, { m}^) = M * / ^ / ^ m , [3 U[5], ' (151) 



with propagators 



[l]=q 2 +ml [2], = ( qi -q 2 ) 2 + ml [3], = q\ + m 2 , 



[4], = (q 2 + Pl ) 2 +ml [5} I = {q 2 + P) 2 +m 2 . (152) 
Note the symmetry property V '( P i, P, {m}i2 34 5) = Vg(P,pi, {m}i2354), besides the one of Eq.(438). 




Figure 7: The irreducible two-loop vertex diagrams V 1 . External momenta flow inwards. Internal masses are 
enumerated according to Eq.(152). 
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9.2.1 Vector integrals in the V family 

By standard methods we write a decomposition of the vector integrals into form factors 

V'(^\0; Pl,P, {m}i2345) = ^(Pl>- P >W}l2345)Pi (I1 , 



i=1.2 



V'(0\fJ-; Pl,P, {m}i2345) = V 2i(Pl> P A m } 12345 )Pi t L- 



(153) 



As we mentioned earlier, special care must be used when V'. appears in the reduction of other form factors 
and one has to bring the integrand in a form adhering to Eq.(151); this can be done using the definition, 

u 2e f e 

— T / d n n d n r 2 JT D^ 1 = V z [(k d , k e , {m} abcde ) k df , + V/ 2 (k d , k e , {m} abcde ) (k e - k d )^ , (154) 

J 1 



where, with an obvious notation 



D n = r? 



m„ 



D b = (n -r 2 ) 2 + mg, 
D e = (r 2 +k e ) 2 +m 2 e . 



D c = r 2 + m 2 



D d = (r 2 + k d ) 2 + m 2 , 
Note that the following identities hold: 

V t [(d, e) = V^(e, d), V'M e) = V t [(e, d) - V/ 2 (e, d), 
where (d, e) = (k d , k e , {m} aocde ) etc. The explicit expression for the form factors of Eq.(153) is 

v£ = -r(i + e) J vvPifrxj 1 -', 

PqO;I = 1? = % P^i;! ) ^21;J = ^1) P'21:I = ^2 5 



(155) 



(156) 



where P 00 is the factor corresponding to the scalar integral and, with our choice for the Feynman parameters, 
the polynomial \i is 

X I (x,y,z 1 ,z 2 ) = -F(z 1 ,z 2 ) + hziZi + (l 245 + 2p 12 )z 2 + (m\ - m 2 x )y + m 2 ., (157) 
where F and m 2 are defined in Eq.(12). Finally, the integration measure is 



J VV,=^ J dCS(x;y, Zl ,z 2 ) [x(l-x)] ^ (1 - |/) e/2_1 , 



(158) 



with oj defined in Eq.(15). All these functions can be manipulated according to the procedure introduced in 
III with correspondingly smooth integral representations. 

This family is the first example of a vertex with full q 2 reducibility. Consider the q\ vector integral: for 
the case 7713 ^ and by methods similar to the ones used in Section 9.1 for V B we obtain 



1 mi 



1 mi 



V J 0u|O;pi,P, {m} 12345 ) = V J (0|/i;pi,P, {m} 123 4 5 ) - ■= V (0 | /x ; Pl , P, {m} 12 , 0, {m} 45 ) 



2m 2 , 



A ([m 1 ,m 2 \) C t _ l (p 1 ,p 2 ,{m} 345 ) - C tl {p 1 ,p 2 ,0 7 {m} 45 ) 



(159) 



Furthermore, the q 2 vector integral can be reduced according to the following relation: 

1 



V*(0|pi;pi,P,{m}i2346) 



-h 3i V '( Pl ,P, {m}i 2 345) - V E ( Pl ,P, {m}i 245 ) + V o E (0, P, {m}i 235 ) 



^ 7 (0|p 2 ;pi, P, {m}l2345) — ~ \{h 5 A-P 2 )Vi{p u P,{m} 12345) + V^ E (0,pi, {m}i 2 3 4 ) — Vf(0, P, {m}i 2 35) 



(160) 
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9.2.2 Rank two tensor integrals in the V family 



All tensor integrals in this class are overall ultraviolet divergent, with a divergent (a, 7) sub-diagram. Adopt- 
ing the same notation employed in the analysis of the V E functions, we introduce the form factors V/j m , 
(m=l,...,4): 

1 Plju Plv + V 222 P2fi P2v + V 2 ' 23 {pi P 2}^ + V 2 ' 2i 5 l t V , (161) 

where the symmetrized product is given by Eq.(13). Taking the trace of both sides in Eq.(161) gives 

pi V 2 ' 21 + 2 P12 V 2 ' 23 +p\ V 2 ' 22 + n V 2 ' 2i = V B (jn,P, {m} 1245 ) - m\ V^p^P, {™}i 2345 ), (162) 
while, multiplying both sides of Eq.(161) by we have the relations 

1 



PlVL+P^V^+V^ 



-V 2 E ( Pl ,P, {m} 1245 ) + V 2 f (0, P, {m} 1235 ) - hM(jn,P, {m} 123 4 5 ) 



Pi2V 2 ' 22 + plV 2 ' 23 = - \-V a * (pi, P, {m} 1245 ) + V 2 E (0, P, {m} 1235 ) - h 3 4V 2 [(p u P, {m} 12345 )j . (163) 

Similarly, contracting Eq.(161) with p 2v , it is possible to write additional identities: 

1 



P12 V 2 ' 21 + p\ V* 23 



V a *(0, P, {m} 1235 ) - V E (0,p u {m} 1234 ) + (l Pi5 - p() V 2 \{p u P, {m}i 2345 ) 



1 



P 2 V 2 ' 22 + P12 V 2 < 23 + y/ 24 = - [- V E {0, P, {m} 1235 ) - (l Pi5 - pi) V 2 T 2 ( Pl ,P, {m} 12345 ) 



(164) 



Solving the system formed by Eqs.(162)-(164) it is then possible to express the V 22i form factor in terms of 
functions V 2i and form factors belonging to the V E family. 

The integral representation for the V 22i functions is the following: 



v 22i = - r (1 + e) J vv, R 22i;I x; 1 " 6 , v 2 ' 24 = - x - r (e) J vv, x j 

R22I J = %\ •> -^222;/ = %2 1 ^223;I = %1 



(165) 



showing for instance a double ultraviolet pole for V 22i . Similar integral representations can be found for the 



form factors V 12i : 



V' 2i = -Y{l + e) J VVjR^xJ 1 -', C = 4 r ( £ ) / W '^r> R^=xR 22 ^. (166) 

The qi^ q 2v or q\ v q 2fl tensor integrals can be written in terms of form factors V 22i employing the following 
relation, valid for m 3 7^ 0: 



[0] 



— = -(—-—) 

,[3], m§ MO]/ [3] J 



(167) 



where [0] 7 = in this way one obtains 



9 2 

TYh 111 

V'{^ ■ p u P, {m}i 2345 ) = ^(0| M , 1/ ; pi,P, {m} 12345 ) + ^1 ^(0|m, v \ Pi,P, {m}i2, 0, {m} 45 ) 



1 



2m^ 

The integral representation of the V^ 7 14 form factors is 

K'„ = -r(i + e) y WtR^x; 1 -', 

x(l — x) 



A ([m 1 ,m 2 ]) C^(p 1 ,p2,{m} 3 4 5 ) - C^(pi,p 2 ,0, {m} 45 ) 



(168) 



r(e) / w /X 7 £ {- 



■^lli;J — *^ -^2 



i?j = F(zi, z 2 ) + 



(169) 
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with F defined in Eq.(12), The form factors V' u can be reduced using qi sub-loop techniques, similarly to 
what we did for the functions, and employing Eq.(167). One obtains 



4(n- 1) 

™123 C o(Pl,P2, {m} 345 ) + "221 Co (f>l , f>2, 0, {m} 45 ) 

A (m 2 ) mji3 Co(pi,p 2 , {m} 345 ) + mj 2 C o (p 1 ,p 2 ,0, {to} 45 ) 

fn%V'{Q\n,ii\ Pi,P,{m} 12345) + \m{ 2 - 2 m 2 3 {m\ + m 2 2 ) (pi, P, {to}i 2345 ) 



(170) 



//to v 



- mi 2 V r 7 (pi,P,{m}i2,0,{m} 4 5)} ) 



= — 



{ 



2 4 

n m 9 m 



12 



y M (0| M , i/ ; Pi, P, {m} 12 , 0, {m} 45 , 0) - V M (0\n,, v;pi,P, {m} 1234 5, 0) 

- n m\ j4 (mi) C M „ (pi,p 2 , {m} 3 4 5 ) - C M „ (pi,p 2 , 0, {to} 45 ) 

- nml 2 A ([m 1 ,m 2 }) to 3 C m1 ,(2,1, 1 ; pi,p 2 , 0, {m} 45 ) - C M „ (pi,p 2 , 0, {m} 45 ) 

+ (Pi,P2,{m} 345 ) + (3n- 4) A (m 2 ) C M „ (pi,p 2 , {m} 345 ) - C M „ (pi,p 2 ,0, {m} 45 ) 
+ m 3 (2nm\ 2 +nm\- 4m\) ^ J (0|/x, f ; Pi, P, {m}i2345) 



(n - 4) mj - 2nTO 2 V^ J (0|/2, ^ ; pi,P, {m}i 2 ,0, {m} 45 )| . 



(171) 



Note that M1/ will be further decomposed into <5 Mi , and pi^Pjv terms. Results for this family are summarized 
in Appendix B.2. V ' = Vg 31 is discussed in Sect. 6.1 of III (see comment at the end of Section 9.1.2), 
evaluation of form factors in Section 11.2. Note that Xi ( x j 1> Vi z ) does not depend on x and, in III, we used 
Xj (y, z) = Xj {x, 1, y, z). In the following Section we move to the discussion of the V M class of diagrams. 

9.3 The T/ M -family (a = 1, = 4, 7 = 1) 

The scalar V M function of Fig. 8 is overall ultraviolet convergent with the (a, 7) sub-diagram divergent 
and is representable as follows: 



7r 4 F M (pi,P,{m}i 234 56) = p 2e J d n qi J d n q 2 



[1][2] M [3] M [4] M [5]„[6], 



(172) 



with propagators 



[l]=ql + m\, 



(qi - q 2 ) 2 + ml, [3] M = q\ + ml, 



[4] M = (q 2 + Pl f + ml [5] M = (q 2 + Pf + m\, [6] M = q\ + m 2 3 . (173) 

Note the symmetry property V M (p 1 , P, {to} 123 4 56 ) = V M (P,pi,{m} 1235i6 ), as shown in Eq.(438) of Ap- 
pendix C. Scalar, vector and rank two tensor integrals have an (a,j) sub-diagram which is ultraviolet 
divergent. As it was pointed out in III, we need to consider just the case to 3 = me and, as a consequence, 
TO6 drops from the list of arguments; in fact, when these two masses are different it is possible to rewrite the 
integral as a difference of V^-functions. 

9.3.1 Vector integrals in the V M family 

As usual, we introduce form factors for the vector integrals according to the equations 
V M (p I ; Pl ,P, {to} 12345 ) = J2 V u(Pi> P > {m}i2346)Pi M , 

i=l,2 
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Figure 8: The irreducible two-loop vertex diagrams V M . External momenta flow inwards. Internal masses are 
enumerated according to Eq.(173). 



V M (0 | [i ; pi, P, {m}i2345 12345, 



(174) 



i=l,2 



where the form factors V£f(jp, k, {m} a ... e ) refer to the basis p M and (k — p)^. 

The integral representation of the form factors introduced in Eq.(174) is obtained employing standard 
methods: 



where the integration measure is 



v£ = -r (2 + e) J vv M p ij;M X - M 2 - C , 

00;M ~ 1; P\%;M = ^-*2i}M) P"2X\M = P^2\M = Z 2i 



(175) 



(176) 



VV M = u e J dCS (x ; y, z u z 2 ) {y - z x ) \x (1 - a:)] (1 - y) 



e/2-l 



(177) 



defined in Eq.(15); P 00 is the factor corresponding to the integral representation of the scalar 

T^Vip Tinlvnnmial a/ iq pniml tn y,. 

vector integral; when 7713 7^ one finds 



and u> is defined in Eq.(15); P 00 is the factor corresponding to 1 
function. The polynomial \ M ^ s equal to \i ■ 

t is possible to rewrite the q\ vector integral in terms of the q 2 

2 2 
>|0 ; Pl , P, {m} 123 4 5 ) = ^| ^ M (0 I /x; pi, P, {m} 12345) + ^ [V l (0 | M ; Pl) P, {m} 123 4 5 ) 



o o 

- V*(0|p; P!,P, {m} 12 , 0, {m} 45 )] - Mg_j__D [tf ( 2 , 1, 1 ; Pl ,p 2 , {to} 345 ) m§ 
+ Cu(Pi,P2, {m} 345 ) - C M (pi,p 2 ,0, {m} 45 ) . 



(178) 



The qi vector integrals can be reduced to a linear combination of scalar factors as follows: 

V M {^\p 1 ; px, P, {to} 12345) = \ [- K M (Pi>P {"»} 12345) ^134 

- V? (p x , P, {m} 123 45) + V > (0, P, {m} 1233 5) 
rfOlftift.P.Wiws) = ~ [V M (pi,P, {m} 12345 ) (Zi 54 - P 2 ) 



v--. • r 

? (0,Pl,{m}l2334) ~ V ' (0,P,{m}l2335) 



(179) 
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9.3.2 Rank two tensor integrals in the V M family 



The tensor integrals with two powers of the integration momenta in the numerator can be treated analo- 
gously to the case of V 1 . Only the (a, 7) sub-diagram is ultraviolet divergent. Using Eq.(13) we define the 
corresponding decomposition as 



V M (0|/i,I/ ;■■ ■) = V£ lPlllPlv + V£P2„P2„ + VZ {piP2}„„ + 



(180) 



and the corresponding form factors and V 12i . The symmetrized product is given by Eq.(13). Consider 
the form factors of the V 22i family: taking the trace in both sides of Eq.(180) one obtains the relation 

p\ V£ + 2 Pl2 +p 2 2 V 2 m 22 +nVZ - VjipuP, {m} 12345 ) - m\ V M {p u P, {m} 12345 ) . (181) 

Similarly contracting Eq.(180) with p lv we have 

1 



-V 2 [(p u P, {to} 12345 ) + V 2 ' 2 (0, P, {m} 12335 )-l 134 V™( Pl ,P, {m} 12345 ) , (182) 



Contracting Eq.(180) with p 2v we get instead 

1 



V^ipu P, {m} 12345 ) + V 2 r 2 (0, P, {m} 12335 ) - l^V^ipuP, {m} 12345 ) 



(183) 



pX+pIvz 



p 2 2 vz+ P12 vz + v 2 



V 22 (0,pi, {m}i 2334 ) - y/ 2 (0, P, {m}i 2335 ) + (p? - l P i 5 )V 2 f(pi,P, {m}i 2345 ) 



223 1 y 224 



-V 2 ' 2 (0, P, {m}i233 5 ) + (pj - Ip4b)V£(pi,P, {m}i 2345 ) 



(184) 



Solving the system given by Eqs.(181)-(184), we can reduce the form factors to linear combinations of 
vector and scalar integrals. The integral representation of these form factors is the following: 



V, 



I =-r(2 + e) J W M R 22 , MX ; 2 - e , *^4, V 2 M 2i = - l -Y (1 + e) J 



vv mX 



-1-e 

M ' 



^221;M — %\ j Rl11;M — Z 2 i P-223;M — Z l Z 1 ■ (1^5) 

The form factors of the family can be written in terms of those of the V 2 " family: in fact we have that 



V M {n\v ;p u P, {m} 12345 ) = U M (0| M , v,Pi,P, {m} 12345 ) 



'312 



'12 



2TOg 2 m\ 



2m| 



- V'(Q\ii,v; Pi,-P,{m}i 2 ,0,{m} 45 ) 

- C tMJ {p 1 ,p 2 ,0 7 {m} 45 ) + mlC^(2, 1,1; Pi,p 2 , {m} 345 ) 
The integral representation of the same form factors is the following: 



V'{Q\^,v; pi, P,{m} 12345) 
A)([rai,ra 2 ]) 



C AtI/ (pi,P2,{m} 3 45) 

(186) 



= - r (2 + e) I W M i? 12l;M X - 2 " e , ^ 4, K£ = - \ r (1 + e) | W M x x" 1 " 



(187) 



with R 12i;M — xR 22i . M . Similarly to the case of the V E and V families, the reduction of q\^q\ v tensor 
integrals leads to expressions which are more involved. Introducing the definitions 



V M (u.,v\0; •••) = 



1 

4(n- 1) 



'A I V B, 11V 



(188) 
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and employing standard techniques one finds 

= 4f {V M {p u P, {m} 12345 ) m\ \m\ 2 - 2 (m? + ro|) m§l - y M (0| M , M ; Pi, P {m} 123 4 5 ) 
m 3 L L J 

+ <2 [v '(pi,P,{™} 12345) - ^(pijP, {m}i2,0, {771)45) 

- ml 2 A ([m 1 ,m 2 \) C (p 1 ,p 2 ,{m} 345) - C (p 1 ,p 2 ,0,{m} 45 ) 
-m\C {2, 1,1; p 1 ,p 2 ,{m} 345) m\ 2S A (mi) + A (m 2 ) }, 

V£ = \ Unm{ 23 - 4ro? mf) V M (0\p, v;pi,P, {m} 12345 ) + V M (0\p, v ; Pl ,P, {m} 12l 0, {m} 45 ) n; 
m 3 l 

2 r 

H j {2m\m\ - nm\ 2 m\ 23 ) V(0|/x, v ; pi, P, {m}i 2 , 0, {m} 45 ) - V J (0|//,i/; Pi, P, {m} 12345) 

9 

+ n ( 2 —5- ~ 1 ) Ai([mi,m2]) C^(pi,p2,{m} 3 4 5 ) - C Ml/ (pi,p 2 , 0, {m} 45 ) 

- nA ([mx,m 2 }) m\ 23 C M „(2, 1, 1 ; pi,p 2 , {m} 345 ) + to 2 2 (7^(2, 1,1; pi, tj 2 , 0, {m} 45 ) 
+ 2(n - 2) A (to 2 ) C fl „(pi,p 2 , {m} 345 ) - C M „ (pi , p 2 , 0, {m} 45 ) 

+ m| C M „(2, 1, 1 ; pi.pa, {m} 345 )}. (189) 

Note that will be further decomposed into 8^ and Pi^Pj V terms. The integral representations for the 

form factor V^" are the following: 



V A 

• 1 1 



'(2 + e) J VV M R 12i;MX - 2 - e , i + A., 



V^ = -T(l + €) f W M { 



x(l — x) 
2-e 



4-e 



+ (l + e) X - 1 i? A 



1 . 



2 

Pni;M = a; 2 P22i;M, Rm = F(zi,z 2 ) + m\ , (190) 
with F and m\ defined in Eq.(12). Consider now the generalized y Q il Q 2,a3,<*4|a5 function where the propa- 
gator carrying mass m t is raised to the a, power: 



V ilJ 



ai|a 3 ,Q 4 ,a5|a2^^ _ T (2 + e) p_yS_^ a . +e 



J dCS (x; y,Z!,z 2 



n? =1 r 

x (1 - y)^ (y - Zl y> ( Zl - z 2 y° x>>* (1 - xr z p 2 6 x~ 2 ~ e - (191) 
The space-time dimension is n — Y^=i on — 2 — e and the various powers appearing in Eq.(191) are: 

Pi = cti + a 2 - - (^a - e), p 2 = a 3 - 1, p 3 = a 4 - 1, 

p 4 = i ^a-ai -2- ie, p 5 = ^ a - a 2 - 2 - i e, p 6 = a 5 - 1. (192) 

w is defined in Eq.(15). Results for this family are summarized in Appendix B.3. V M = y o 141 is discussed in 
Sects. 8.1-8.2 of III (see comment at the end of Section 9.1.2), evaluation of form factors in Section 11.2. 

9.4 The t/ G -family (a = 2, /3 = 2, 7 = 1) 

We continue our analysis considering the scalar function in the F G -family of Fig. 9 which is ultraviolet 
convergent with all its sub-diagrams and is representable as 



7r 4 K G (pi,pi,P,{m} 12 345)=M 26 J d n qi J d n q 2 



1 



[1][2] [3] [4] [5]< 



(193) 
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with propagators 



[l]=ql + m\, [2] G = { qi + Pl ) 2 + ml [3] G = (g x - q 2 ) 2 + m% 



[4] G = (q 2 + Pl f + m% [5] = (ft + P) 2 + m\. 



(194) 



This family represents the first case where the scalar configuration is ultraviolet finite while tensor integrals 
are divergent. 




Figure 9: The irreducible two-loop vertex diagrams V G . External momenta flow inwards. Internal masses are 
enumerated according to Eq.(194). 



9.4.1 Vector integrals in the V G family 

Decomposition of vector integrals follows in the usual way: 

2 

V G (n.\0; Pi,Pi,P,{m} 12345 ) = ^2V°(pi,px,P, {m} 12345 )p v , 

i=l 
2 

V G {0\n; pi,pi,P,{m}i234s) = X] ^(Pi)Pi> p > {m} 12345) Pin , 



(195) 



where the form factors V G (p,p, k, {m} a ... e ) refer to the basis p^ and (ft — p)^. Their explicit expression is 
v% = -r (1 + e) J VV G P ij]G xi 



-1-e 
to 



-l-e/2 



y 2 



/2 



W G = w £ / dS 2 ({x}) J dS 2 ({y}) \x 2 (1 - x 2 ) 
^00,0 = 1, fii,G = -1 + X\ - X2 (1 - J/2) - X2IJ2X, P 12;G = X2(yi-l), 

P 21lG = -l + y 2 X P 33iG = yi-l, (196) 
where w is defined in Eq.(15) and X = (1 — cci)/ (1 — £2) = 1 — X. The polynomial x G i s given by 

X G = [212(1 - X2)} 1 {- — F(xy 2 , x 2 yi) +x 2 l 2 ^yi 

+ [aT 2 (M x 2 - m 2 - pi + P 2 ) - xt (p\ -p 2 2 + P 2 )] y 2 + x 2 M 2 j , (197) 
with F defined in Eq.(12) and 

a;2 2:2 AT,. = itri! + 2T1 m 2 + £2 m 3 + x\ x\ p lt (198) 
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where X i — 1 X 1 2 X - — X ^ X 2 ■ All these functions can be manipulated according to the procedure introduced 
in III. The generic scalar function in this family is 



yCtl ,Ol2\a3 ,Ol4.\a5 



(") = - J5 (1 * £ \ " 5 ~ £ '-= iaj+e / dS 2 ({x}) I dS 2 {{y}) X - 1 - e 

x ( Xl - X2 ) pl (i - Xl y> ( yi - y2 y- (i - yi y< (i - z 2 r y 2 p6 



with lu defined in Eq.(15), the dimension n = J2i=i — 1 — e and powers 

Pi = ati-1, i = !,•■•) 4, p 5 = i - a 5 - ai - a 2 - | (1 + e), 



^(^a + l-e), p 7 = \ ^a- ai - a 2 - ^ (3 + e). 



Also for this case we have partial rcducibility, 



(199) 



(200) 



V G (pi | 0; Pl,Pl,P,{m}i2345) = ^ ~ ^112 V^fal' Pi > -P> { m } 12345) + K E (Pl J - P :{™}l345) 

- V; E (0,p 2 ,{m} 23 45) 

V°(0 \p 2 ;Pl,Pl,P, {m}i 2 345) = \ [(-/246 - 2pi 2 ) ^ (pi , pi , P, {™}l234 5 ) - V* {-p 2l -P, {m} 5321 ) 



+ C(0,-Pl,W432l) 



(201) 



Note that V^ E (0,p) is equivalent to two-point functions of the S° family, Eq.(80). The system of equations 
that we obtain is 



V G { Pl \0)=j4 V° + pi2 V G , V G (0 1 p 2 ) = Pl2 V G + p z 2 v°. 



(202) 



Assuming that p\ 7^ we can eliminate the integral with P 11 in Eq.(196) in favor of the integral with P 12 
which contains the factor £2(2/1 — 1) and obtain the generalized function with oc\ = a 2 = 1, 013 = 1, 0:4 = 2, 
a 5 = 2 corresponding to n = 6 — e, i.e. 



°-- W 2 ld >1|1>212 



(n = 6 — e). 



(203) 



Under the same assumption we eliminate the integral with P 2i in favor of the integral with P 22 which contains 
a factor 1 — yi and obtain a combination of three generalized functions 



Fg 1,2|1,2|1 + ^2,111,211 + F M|1,2|2 



n—6 — e 



(204) 



9.4.2 Rank two tensor integrals in the V° family 

Tensor integrals become ultraviolet divergent; with q^ q iv in the numerator the integrals are overall divergent 
with (a, 7) or (ft, 7) sub-diagram divergent. With q 2v the function is overall divergent (but sub-diagrams 
are convergent). 

Henceforth we want to analyze the tensor integrals with two powers of q 2 in the numerator: adopting the 
usual decomposition in form factors we have that 



V G (0\n.,v ; -..) = V° 1 p lll p lv + V G 22 p 2 ^p 2v + V G 3 {p 1 p 2 }^ + V G i 6p V; 



(205) 



with the symmetrized product of Eq.(13). The integral representation for the form factors introduced in 
Eq.(205) is given by 



V G . 



■(! + «)/ 



T>V G R 22t . G x, 



: 1_e . M4, V G ^- l -T(e) J W gX -\ 



tt2 



P^221;G — Y 2 J R'222:G — (1 2/l) ) R2 



(i-yi)^ 2 , 



(206) 
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where X = (1 — x\)/(l — X2) and Y~ 2 = 1 — yi X. The reduction of the form factors of the V 22i family proceeds 
as follows: at first we take the trace in both sides of Eq.(205) and obtain 



p\ V g 21 + 2 Pl2 V 2 G 23 +p\ V 2 g 22 + n V G 4 = -{p\ + ml)V G {p llPll P 1 {to} 12345 ) 

- 2p\ V 2 G ( Pl , Pl ,P, {to} 12345 ) - 2^12 V°(pi,P!,P, {m}l2345) + V B (-p 2 , -P, {m} 5321 ) 

Similarly, contracting Eq.(205) with p 2v , we get additional relations 



(207) 



2 ~\rG 



P12V G 21 +p$V 2 



P 2 2V G 2 + P 12V G 23 + V G 4 - - 



= \ [(/154-P 2 )^(P1,P1,P,{™} 123 45) 

+ Kf(-P2,--P,{"»}632l)- ^?(0,-pi,{m}432l) 

+ V B (- P2 ,-P,{m} 5321 )- V o B (0,- Pu {m} 4321 ) 

1 



(«154--P 2 )K?(pi,Pl,P,{m}l2345) 

+ V 1 B (- P2 ,-P,{m} 532 i)+ V B (0,- Pl ,{m} 4321 ) 



(208) 



In Eq.(208), where necessary, the momenta have been permuted to bring the integrand in the standard form 
of Eq.(119). 

Eqs.(207)-(208) can be solved for the form factors with i < 4 when we use one generalized scalar function, 



V c 



:a ,2yMIM|2( n = 6 - e ). 



(209) 



The 

Qifi Q2u tensor integral can be expressed in terms of form factors as follows: 

V G {»\v ;•••) = V G lPl ^p lu + V G 2 p 2flP2u + V G 3 p lllP2v + V G 5 p luP 2 t i + V G J^ . (210) 

V G {ii\v ; • • •) is not symmetric in \i and v, and we have to distinguish between V G 3 and V G 5 . The integral 
representation for the form factors of Eq.(210) is: 



V G 2i = -T(l + e) J WaR^aX' 1 ^, »^4, V G 4 = -\v{e) J VV C 

Rl21;G = Y 2 (1 - X\ + X 2 Y 2 ) , R 12 2:G = X 2 (1 ~ Vlf, 

Ri23-,g = (1 - Vi) (1 - xi +x 2 Y 2 ), R 125 . G = (1 - yi)x 2 Y 2 . 



gX 2 X 



G ' 



(211) 



Since the qi sub-diagram involves three propagators, it is not possible to rewrite V G (p,\v) in terms of 
V G (0\[i, v). We can, however, express the five form factors of Eq.(210) in terms of scalar function em- 
ploying the same technique adopted for the V 22i form factors. In fact, taking the trace of both sides of 
Eq.(210) one obtains the relation 



nV G 24 = 



1 



TO 31 V o G (Pi . Pi i P i W 12345 ) 



P 2 iV G 1+Pl2 (V G 3 + V G 5 )+p 2 2 V G 
+ V a (0\n, fJ,;pi,pi,P, {m}i2345) + V o E (0,p 2 , {m} 23 45) + B ( Pl , {m} 12 ) B (p 2 , {m} 45 ) 
contracting Eq.(210) with pi^ we have 

Pi V G 21 +P12 V G 5 + V G 4 = \[~ hl2 V G ( Pl , Pl ,P, {m}l2345) 



(212) 



+ 



V B {p u P, {m} i 345 ) - V E (0,p 2 , {m} 2345 ) 



P 2 i V G 23 +Pi 2 V G 22 = \[~ hi2 V G { Pl , Pl ,P, {m} 12345 ) 



+ 



V B (pi,P,{m} 1345 ) ~ V" 2 f(0,p 2 ,{TO} 2 3 45 ) 



(213) 
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finally, contracting Eq.(210) with p 2v we have 



Vl V G 23 +P12 V G 21 = \ [(Z 145 - P 2 ) V G ( Pl , Pl ,P, {m} 12345 ) - Kf (0, -Pi, {m} 4321 ) 

+ Vf 2 (-p 2 , -P, {m} 53 2i) - C(0, -Pi, {™}432l) + C(-P2, -P, {m} 53 2i) 
1 



Furthermore we have 



{hi 5 - P 2 )V G {p U p U P,{m} 12M5 ) 



+ V£ (-P2, -P {m} 5 32i) + V B (-p 2 , -P, {m} 53 2i) 



n— 6— e 



(214) 
(215) 



The system composed by Eqs.(212)-(214) gives the form factors with i ^ 4. 

It is now necessary to analyze the form factors of the V G U family, which are defined through the relation 



V G {fi, i/|0 ; • ■ ■) = V G lPllx p lv + V G 2 p 2ll p 2v + V G 3 {pi P2 }^ + V G 4 5^ . 



(216) 



with {pip 2 } defined in Eq.(13). The integral representation for these form factors can be obtained with 
standard techniques: 



V L 



■(!+«)/ 



VV G R lli;G x, 



1-e 



Pni;G = (1 - X! + x 2 Y) 2 , R 112 . G = x\ (1 - yi) 2 J? 113iG = (1 - 2/i) X2 (1 - £1 + x 2 Y 2 ), 
V° t = ~T{e) [ W G ^{l-x 2 +x 2 y 2 ) X - € . (217) 

2 .7 2/2 

In order to reduce the form factors to linear combination of scalar functions, we start by taking the trace in 
both sides of Eq.(216) so that we obtain 

p\ V G X + 2 Pl2 V G 3 +p 2 2 V g 2 + nV G 4 = ~m\ V G { Pl , Pl ,P, {m} 12345 ) + V o B (0,p 2 , {m} 2345 ). (218) 

Contracting Eq.(216) with pi^ we have additional relations, 

1 



p\V G 1+ p l2 V G 3 + V G 



PIV G 3 +P12V G 2 



- hi2 V G (pi,pi,P, {m}i 2345 ) 
+ y i f(pi,P,{m} 1345 )+ C(0,P2,{m} 2345 ) 
= ^ ~hi2 V G 2 {pi,px,P, {m}i 2345 ) 
+ ^(pi,P,{m} 13 4 5 )- Kf(0,P2,{m} 23 45) 



(219) 



It is not possible to obtain more equations by multiplying both sides of Eq.(210) by p 2 ^, since the scalar 
product qi • p 2 is irreducible. Eqs.(218)-(219) give the form factors with i ^ 2 when we introduce one 
generalized scalar function, 

V G 2 = 4w 4 y G M|1 ' 3|3 ( ll = 8 - e) . (220) 

There are other equivalent solutions. Results for this family are summarized in Appendix B.4. V„ G = V 221 
is discussed in Sect. 7.1 of III (see comment at the end of Section 9.1.2), evaluation of form factors in 
Section 11.3. 
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9.5 The F K -family (a = 2, = 3, 7 = 1) 

Next we consider the scalar diagram in the F K -family of Fig. 10, which is overall ultraviolet convergent 
(with all sub-diagrams convergent) and which is representable as 

* v,-(P,n,P, M™«) - / *•« / <*> [1 p.p|.[! 1U5 |. M . . ( 221 > 

with propagators 

[l]= g 2 +m 2 , [2] K = ( qi +P) 2 +ml [3] K = ( 9l - c? 2 ) 2 + m§, 

[4] x =^+mi [5] A . = fe+p^ + m 2 , [6] K = (g 2 + P) 2 + m 2 . (222) 




Figure 10: The irreducible two-loop vertex diagrams V K . External momenta flow inwards. Internal masses are 
enumerated according to Eq.(222). 



9.5.1 Vector integrals in the V K family 

The form factors for the vector integrals are defined by 

2 

V K (u.\Q;P, Pl ,P,{m} 123456 123456) Pifi, 

i=l 
2 



V K (0\fi; P,px,P, {m}i23456 ) = Y,V 2 «(P, Pl ,P,{m} 123456) Pip., 



(223) 



where the form factors V i f(k,p, k, {m} a .../) refer to the basis p^ and (k — p)^. Their explicit expression is 

= - r (2 + e ) /" vv K p ij;K x ; 



-2-e 



£>VV=w e / dS 2 ({z}) / dS 3 ({y}) x 2 (l-x 2 ) 



-l-e/2 



/2 



2/3 

P(I0;K = 1) illtK = — H^, Pl2,K — — Hi, Pl\,K = ^2) ^22;^ = *1 > 



(224) 



where w is defined in Eq.(15), and the quantities Yi and Hi are given in Eq.(ll). The polynomial x K is given 
by 



Xk = ~ f (V2 -Xy 3 , yi -Xy 3 ) + l 265 Vl + (P 2 - Z 245 ) y 2 - (2 X P 2 - m 2 xx + m 2 ) y 3 + m 2 , (225) 
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with F defined in Eq.(12) and 



rn 



2 _ -P 2 x\ + xi(P 2 + m\ 2 ) + x 2 ml l2 



X2Q-X2) 

with X = (1 — X\)/{1 — x 2 ). The generalized function in this family is 

v a 1 ,« 2 \ ai , a5 , a6 \ a3{n = J2 ai _ 2 _ e)=7v - i (m 2 )4 -„ J d n qid n q2 f[ [{] - 

n l= i r K) j j 

x (xi - x 2 ) p2 a£ s (1 - x 2 y* (1 - ( Vl - y 2 y« {y 2 - y 3 ) p7 y P 3 8 X~ 2 ~ e , 
where [1] K = [1], w is defined in Eq.(15) and the powers pi are 

pi =a 2 -l, p 2 = a 1 -l, p 3 = ^ (^2 a - 2 a.\ - 2a 2 - 4 - e), 

p 4 = i (J^a - 2ai - 2a 2 - 2a 3 - 2 - e), p 5 = a 6 - 1, p 6 = "5 - 1, 

p7 = a 4 - 1, p 8 = i (e - + 2ai + 2a 2 + 2a 3 ). 



(226) 



(227) 



There is partial reducibility with respect to gi and complete reducibility with respect to q 2 . We obtain 

V K (P|0; P, {m}i23456) = -5 [^12^ (P.Pl, P, W123456) - ^(pi, P, {m} 13 45 6 ) 

+ y I (-p 2 ,-P,{TO} 2 3654) 

y*(0|pi; P.pi, P, {m} 123 4 56 ) = — [lu 5 V„ K (P,pi, P, {m} i 23 456) + K G (-P, P Pi, W 12355) 

- K G (P,P, 0,{m}i2364) 

^ (0|P; P, Pl , P, {m}i2345 6 ) = -\ [l Pi6 V K (P, Pl ,P, {m}i2345 6 ) + V G (P, P,pi,{m} 12365 ) 



We can write 



- K G (-^-^-P2,{m} 2 i34 5 ) 
V K (P I ; P,pi, P, {™}l2345 6 ) = Pi ■ P V* + P2 ■ P V« - I R , K 



(228) 



(229) 



I R , K = r (2 + e) J VV K x 2 ( yi - y 2 ) = oj 2 y£ ,1|w|2 (n = 6 - e), (230) 

which gives the reduction of the 11-componcnt. Reduction of the 12-componcnt follows from 



V K — V K - T 



(231) 



A similar argument holds for the 2i components with the same I R[K , although the reduction of the V£ 
components can also be obtained solving the system composed by the last two equations of Eq.(228). 

9.5.2 Rank two tensor integrals in the V K family 

Only the q\ u tensor integral has an ultraviolet divergent (a, 7) sub-diagram. 
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Henceforth we consider the q 2fJl q 2v tensor integral: we introduce the form factors of the V 22i family 
through the relation 



V«(0\n,v; • • •) = V£ lPlltPlv + V 2 K 22 p 2[l p 2v + V 2 K 23 { P ip 2 }^ + V 2 K 2 J^ , 
with the symmetrized product of Eq.(13). Their integral representation is given by 

V 2 K 2i = -T (2 + e) J VV K R 22i , K x^, i + 4, V 2 K 2i = ~T (1 + e) J VV K x' 1 ^, 



(232) 



^221; 1 



Y 



2 - 



Y 2 



Y X Y 2 . 



(233) 



We want to express the V 22i form factors as linear combinations of scalar functions. Taking the trace of both 
sides of Eq.(232) one obtains 

p\V 2 K 21 +2p 12 V 2 K 23 +p 2 2 V 2 K 22 + nV 2 K 24 = V G (P,P, Pl ,{m} 12365 )- ml V K (P,p u P,{m} 123456)- (234) 
Contracting both sides of Eq.(232) with p 2fl we get 

1 



2 irK 



Pl2 v 2 K 21 + P iv 2 



{hes ~ P 2 ) V a «(P,pi,P, {m}i2345 6 ) - V°(P, P, 0, {m}i 236 4) 



223 2 

- V 2 °(-P, -P, -p 2 , {m} 21345 ) + V G {P, P, 0, {m}i 2 364) 
+ V°(-P, -P, -p 2 , {m} 213 4 5 ) - V G (-P, -P, -p 2 , {to} 2 i34 5 ; 

vl V 2 K 22 + P i2 V 2 K 23 + V 2 K 2i = X - [(Z 16B - P 2 ) V 2 K 2 (p u pi,P, {m}i2345 6 ) - V G (P, P, 0, {m} 12364 ) 

- V°(-P, -P, -P2, {m} 21345 ) + V G {P, P, 0, {m} 12364 ) 

- V G (-P,-p-p 2 ,{m} 213i5 ) ■ 



(235) 



Once again, one should be particularly careful in shifting the integration momenta in order to bring the 
integrand of the V G functions in the chosen standard form: 



^ J d n ri d n r 2 - 



= V G {k b ,k b ,k e ,{m} abcde )k bll + V G (k b ,k b ,k e ,{m} abcde ) (k e - fc fc ) M (236) 



• D a D b D c D d D, 

D a = r 2 + m 2 a , D b = (n + k b f + m 2 , D c = (r 2 - r 2 ) 

D d = (n + k b ) 2 + m 2 , D e = (r 2 + k e ) 2 + m 2 e . 

Contracting both sides of Eq.(232) with pi^ we get 

1 



' ^m 2 c , 



Pi2 V 2 K 22 + p\ V 223 = ^ 



il45 ^22 (PP1,P, {m}l23456) + V G (P, P, 0, {m}i 236 4) 



pIv 2 k 21 + Pi2 v 2 k 23 + v 2 \ 



V 2 G (P,P,0,{m} 12364 ) 



h^V^iPpuF \{m} 123456) - V G (P,P, Pl ,{m} 12365 ) 



V°(P,P,0,{m} 



12364 ) 



V 2 G 2 (P,P,0,{m} 12364 ) 



(237) 



A solution of Eqs.(234)-(237) give the form factors in the 22 group. We can now analyze the qx^ q 2v tensor 
integrals. As for the V G case, this tensor integral is not symmetric in [iv, so that we need to introduce five 
form factors: 



V K {p,\v ;•••) = V^pi^p lv + V* 22 p 2ll p 2v + V* 3 pinp 2v + V*sPi v p 2ll + V* 4 5^. 



(238) 
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The integral representation of these form factors is the following: 

V£ = - r (2 + e) J VV K R 12 , K X - 2 -\ i^4, V£ = - \ T (1 + e) J VV K x 2 x' 1 ^, 

R\23;K = —Y\ H 2 , Rl2S;K = ~ ^2 Pi- (239) 



Rl21,K — —Yl H 2 , Rl22:K ~ ~Yl Hi , 



Employing the usual procedure we can reduce the form factors. Contracting Eq.(238) with 5^, p\ v and p 2 „ 
we obtain 

P 2 i V£ + P12 (V£ + V« 5 ) + V \ V*22 +nV« 2i = -\[ m 2 134 V K (P, Pl , P, {m} i 23456 ) 

\P,p 1 ,{m} 12365) - V a '(-p 2 ,-P, {m} 23 654) - B (P, {m}i 2 ) C (p 1 ,p 2 , {m} 45 6) , (240) 



-K G (P 



pIKI+puV", 



. v K = - 

124 2 



i r 



pi 



-il46 (P,Pl,P,{m}i23466) + ^ (P, P, 0, {m} 12364 ) 
- K° (P,P, pi, {m}l2365) - K°(P,P, 0,{m}l2364)], 

>l V« 5 + p 12 V£ = \ [- ii48 V£ Pl , ^ {™}l23456) + K° ^ 0, {m} 12364 ) 
'(P D I ™1 \ T/G/o nn J™1 "I 



— 2 L 145 V i2\- L iy^i * i \" i -/i^345b; t 1 1 v ' 77 

- ^(P,P,Pl,{m} 123 6 5 )- V°(P,P,0,{m}i2364) 

+ ^(P,P,pi,{m}i 2365 )], 



P2 Km + P12^ B + V£ = \ [(/i65 - ^P 2 ) C (P.Pl, P {™}i 2 3456) + K?(P P 0, {m} 12364 ) 

- V°(P,P,0,{m}i2364)- ^(-P,-P,-p 2 ,{m} 213 4 5 ) 

- T/ G (-P,-P,-p 2 ,{m} 213 4 5 ) • 



P2^s+Pi2^ - 5 [(iieB-^Kf^.Pi.-P.M^e)- K?(PP0 
- V°(-P, -P, -pa, {m} 21345 ) + V°(P, P, 0, {m} 12364 



^(P,P,0,{m} 12364 ) 



P, -P, -pa, {m} 2 i34 5 ) - V^-P, ~P, -P2, {m} 2 i34 5 ) 



The solution of Eqs.(240) (242) gives the form factors in the 12 group. 

Finally, we consider the qi^ q\ v tensor integral for which we introduce the form factors V* f 

V K (n, u\0 ; • • •) = V£ pi^pi, + V 1 K 12 p 2 ^P2, + V« 3 { P ip 2 }^ + V« 4 5^ , 

where the symmetrized product is given in Eq.(13). Their integral representation is given by 

i^4, 



• Rlli;K X K 



2-e 



V£ = -r(2 + e) y VV K , : 

Rlll-K = P\ , Rll2,K = Hi , Rn3-K = Hi P 2 , 

V;«— Irnx.i /" w r ^(l-^ 2 ) , ^ 



;^ = -^r(i + e ) 



2/3 



(241) 



(242) 



(243) 



(244) 

Hi and iJ 2 were defined in Eq.(ll). Contracting both sides of Eq.(243) first with <5 M „ and then with P„, it 
is possible to obtain the following set of three equations: 

3 J (-p 2 ,-P,{m} 23654 ), (245) 



possible to obtain 

p\ + 2pi2 V« 3 + p\ Vf 22 + n V« 4 - -m\ V K (P,p u P, {to}i 23 45 6 ) + K 7 (-p 2 , 
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Pi-PV 1 K 11 +p 2 -PV 1 * 13 + V« 



lpl2 V£(P,Pt,P, {m}i23456) + P {^}i3456) 



+ V£(-P, -P2, {m} 23 645) + V^{-P, -p 2 , {m} 2364 5) 



P1-PV&+P2-PV&+V& = - [-l P i2V«(P, Pl ,P{m} 12U5(i ) + V> 2 (p u P, {m} 13 4 56 ) 

+ V 1 I 1 (-P,-p 2 ,{m} 2 3645) + V '{-P,~p 2l {m} 23645 ) 



(246) 



We have then three equations and four unknown form factors, so that we should look for relations between 
form factors and generalized scalar function; for example we have that 



+ = -T(2 + e)J W K xl{ yi - y2 f X - 2 - € = ^V^ '' 



(247) 



Results for this family are summarized in Appendix B.5. V Q K = V 231 is discussed in Sects. 9.1 - 9.2 of III 
(see comment at the end of Section 9.1.2), evaluation of form factors in Section 11.4. 

9.6 The T/ H -family (a = 2, = 2, 7 = 2) 

Finally, we consider the non-planar diagram of the y H -family, given in Fig. 11, which is representable as 

' (248) 



^ 4 V ( "(-p 2 ,pi,~p 2 ,~pi,{m}i 23456 ) = J d n q 1 J d T 
with propagators 



<12 



[1][2] H [3] H [4] H [5] H [6] H ' 



[l}=qf+mf, [2} H ee ( qi - p 2 f + ml, [3] s = ( 9l - q 2 + Pl ) 2 + 



' 3 • 



[A] H = ( Ql - q 2 - P2 f + ml [5} H = ql + ml [6] H = (q 2 - Pl ) 2 + ml (249) 
The basis for the form factors V"..Jk,p, k, —p, {m} a ...f) is chosen to be p^ and — k^. All members of this 




Figure 11: The irreducible two-loop vertex diagrams V . External momenta flow inwards. Internal masses are 
enumerated according to Eq.(249). 

family, including rank-two tensors, are overall ultraviolet convergent with all sub-diagrams convergent. 

Adopting the parametrization presented in Sect. 10.2 of III, the integral representation for the scalar 
integral of the V H family, with arbitrary powers for the propagators, is 



yOi\, 01^015, a$\a 3 ,ot4. 



6 . 6 

(n = £ a t - 2 - e) = tt" 4 ( M 2 ) 4 -" / d n Ql d n q 2 J[ [i]' " 

A 1 J X 1 



Ui=i r K) J J 

x (1 - zi) Pl zf 2 (1 - z 2 ) P3 z$* (1 - z 3 ) P5 zf (1 - y) P7 y Ps (1 - x) pg x Pl ° 



(250) 
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where [1] H = [1], where u is defined in Eq.(15) and the powers pi (i = 1, . . . , 10) are 
pi = a\ - 1, p 2 = a 2 - 1, P3 = «4 - 1, P4 = Q!3 - 1, 

P5 = ct5 - 1, P6 = "6 - 1, /97 = as + «6 - 1, Ps = 77 (e - ^ a + 2 ai + 2 g 2 + 2 0:3 + 2a 4 ), 



P9 



= -|(4 + e-^a + 2 ai +2a 2 ), pio = -J (4 + e - ^] a + 2 a 3 + 2 a 4 ). 



2 v ^ 2 

The polynomial x fl is given by x H = V 2 + (M? _ ^ 2 + Q 2 ) V + ^ 2 where: 



(251) 



R\ = hii zi + m\, R\ = z 2 ip\ 



x (1 — x) 

(1 - z 2 ) {pi + ml), R\ = Z156 z 3 + ml, 
K lfi = -z 1 p 2fl , K 2fi = z 2 p lfi - (1 - z 2 )p 2fl , K 3fi = -z 3 p lfi . 

9.6.1 Vector integrals in the V H family 

The form factors for the vector integrals are defined by the relations 

2 

V H (p I ; -p 2 ,Pi, -p 2 , -Pi, {m}i23456) = V " (~-P2,Pl, -P2, -Pi, {m}i23456) Pip, 

2 

V H (0 I p ; -p 2 ,Pl, -P2, -Pi, {m}i23456) = V " ( _ -P2,Pi, -P2, ~Pi, {m} 123456 ) p tll . 

i=l 

Their explicit expression, in terms of integrals over the Feynman parameters, is 

v;f = -r(2 + e ) J vv H p ij . HX - 2 - e , 



(252) 



J VV H =co e J dC 5 (x,y,{z}) [x(l-x) 



-l-e/2 



y 1+f/2 {i-y\ 



P 00 , H = l, P lllH = -(z 2 - z 3 ) (1 - x) (1 - y), P 12 . H = (1 - z\ - z 2 ) (1 -x) (1 - y), 
P2i,H =y(z 2 - z 3 ), P 22 . H = -y (1 - zi - z 2 ), 



(253) 



where ui is defined in Eq.(15) and P 00 is the factor that arises in the calculation of the scalar integral. The 
form factors for the vector integrals can be reduced as follows: first it is possible to simplify the scalar 
products qi ■ p 2 and q 2 ■ p\ , respectively, obtaining the relations 

V H (p 2 I ; ~P2,Pl, -P2, -Pi, {™}l23456) = ^ hl2 V H {-p 2 ,pi, -p 2 , -Pi, {™}l23456) 



V G (pi,Pl, -p 2 , {™}56134) 

V G (-P,-P,-p 2 ,{m} M25e ) 



V H (0\P! ; -p 2 ,Pl, -p 2 , -Pl, {m} 123456 ) = - \l 156 V H '(-P2,PU ~P2, -Pi, {™}l23456) 

+ V G (p 2 ,p 2 ,-pi,{m} 2W3i ) 
- V °(p 2 ,p 2 ,-pi,{m} 12543 ) 



(254) 



Since there are no other reducible scalar products we must find relations that link the form factors of the 
vector integrals to a linear combination of generalized scalar functions. The following identities hold: 



V£ (-P 2 ,P1, -P2, -Pl, {m}i23456) = 
V"(-P2,P1, -P2, -Pl, {m}i23456) = ^ 



T rl,2|l,l|2,l T/ 2+l|l,l|l,2 

* H ~ * H 

T/ l,l|l,2|l,2 T/ l,l|2,l|2,l' 



n—G — e 



n— 6— e 



(255) 
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9.6.2 Rank two tensor integrals in the V" family 



It is then necessary to consider the tensor integrals that have two momenta of integration with free Lorentz 
indices. We start from the the V H (0\u., v) integral and introduce the relevant form factors through the 
relation 



V H {Q\n, u ;■■■) = V 2 H 21 Vlli pi„ + V 2 H 22 p 2{1 P2u + V 2 H 23 {pip 2 }^ + V 22l 
The integral representation of these form factors is given by 

V 2 H 2i = - T (2 + e) J W H y 2 R 22i;H x^, 4, V» 2i = - \ T (1 + e) J VV H x^, 



(256) 



R 22 1;H = (-22 - Z 3 ) 2 , i?222;H = (1 — Z\ — Z2) 2 , R 223 ;H = ~ (1 ~ Z\ — Z 2 ) (z 2 — Z 3 ) . 

Multiplying Eq.(256) by 5^ v and pi^, respectively, we obtain the relations 



(257) 



Pl^i + P2^222 + 2 Pl2^ 2 f 3 + n ^224 = K G (P2,P2, -Pi, {m} 2 l634) - ml V Q H {-p 2 ,Pl, ~P2, ~Pl, {™}l2345e) , 

7T Zl56 V 2 "(-p 2 ,Pl, -p 2 , -Pi, {m} 123456) - V°(p 2 ,p 2 , -pi, {r7l} 2 1634) 



piv 2 H 21 +Pi 2 v 2 H 23 + v 2 H 24 



PiV 2 H 23 +pi 2 V£ 2 



- V 1 G 2 (-p 2 ,-p 2 ,pi,{m} 125i3 ) + V 2 G 2 (p 2 ,p 2 ,-p 1 ,{m} 2W34: ) 
+ V 2 °(-P2,-P2,Pi,{m} 12 543) + V G (p 2 ,p 2 ,-p 1 ,{m} 21634: ) 

= \ 'l56 V 2 H 2 (-p 2 ,Pl, ~P2, -Pi, {m} 123456) + V°{p 2 ,P2, ~Pl, {m} 2 1634) 
+ y^{-P2,-p 2 ,Pi,{m]i 2bA3 ) - K°(p2,P2,-Pl,{m} 2 1634) 

- V G 2 {-p 2 ,-p 2 ,Pl,{m} 12bA3 ) - V 2 G 1 (p 2 ,P2,-Pl,{m} 21634) 

- V 2 °(-P2,-P2,Pl,{m} 1 2543) + V 2 C ;(p2,P2,-Pl,{m} 21634) 



+ V 2 °{-P2,-P2,Pl,{m}i2543) 



(258) 



We then have a set of three equations that can be solved for i ^ 4 when we express one of the form factors 
in terms of a generalized scalar function; for example we have that 



V" = — 
2 



y MH,l|l,2 + y MlM|2,l + y2A\lA\lA + ^1,211,111,1 



n—Q—e 



(259) 



We can proceed in a completely analogous way for the q\ v tensor integral. The relevant form factors are 
defined through the relation 



V(ji, v |0; • • •) = V£ pi„ pi v + V£ p 2il p 2v + V£ {PiPi}^ + V£ 5„„. 
The integral representation of these form factors is given by 

V 1 H li = -T{2 + e) J VV H (l-x) 2 (l-y) 2 R lu , HX -* 

V^ 4 = -^r(l + e) J VV H R lliiHX - 1 - e , 



(260) 



-2-e 



i?ii4 iH = (l-a;)(l-x+-). 

2/ 



Rlli.H R 22 i;H, 

Contracting Eq.(260) by 5 M „ and p 2([1 , respectively, we obtain the relations 

P 2 i V"i + Pi V" 2 + 2pi2 Vf 13 + n Vf 14 = V G (-P, -P, -P2, {m} 3 4256) 



(261) 



rG 


,2 T/H 



™1 V"{~P2,Pl, ~P2, -Pi, {m}l23456) , 



(262) 
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V\ V" 2 + Pl2 V" 3 + V" 4 = i l 2 12 V" 2 {~P2,Pl, ~P2, -Pi, {m}i23456) - V°(-P, -P, -p 2 , {m}3425e) 
+ V°{-P, ~P, -P2, {m} 342 56) + V°(-P, -P, -p 2 , {m} 3 4256) 
+ V 2 °(p 1 ,p 1 ,-P2,{m} 56 234) ~ V°(p 1 ,p 1 ,-P2,{m} 56 234.) , 

\ V" 3 +Pl2 Kfi = \ h\2 V"{-P2,P1, ~P2, -Pi, {m}i23456) + V G (Pl,Pl, -p 2 , {m} 562 34) 

- V°(p!,P!, -p 2 , {m} 562 34) + V 22 {p\-,P\, ~P2, {™}56234 

- V°(p 1 ,p 1 ,-P2,{m} 56 234,) - 



Pi 



- V°(p 1 ,p 1 ,-P2,{m} 56 234,) ■ 

Once again, we can rewrite one of the form factors of the V£ t family as 
scalar functions and solve the system for the others: or instance 



(263) 

linear combination of generalized 



1 

— , 

2 



T/ l,l|3,l|3,l T/ l,l|l,3|l,3 1 T/ l,l|2,2|2,2" 



t=8-e 
-1,1|1,1|2,1 



or 



(264) 



Z I J n— 6— e 

The q\^ q2 V tensor integrals are symmetric in the exchange of fi and v\ this fact can be understood noticing 
that the integral with respect to q\ is proportional to a\ q% + ci2 Q M , where a\ and 02 are scalar factors and 
is a linear combination of the external momenta. Therefore, after the q\ integration, the integrand will split 
into a part proportional to q^q^i obviously symmetric with respect to /j, <-» v, and into a part proportional 
q^Q* 1 ] also the latter is symmetric since the vector integral with q% in the numerator is proportional to 
<)•■■ 

To describe their tensor structure it is necessary to introduce four form factors: 

v H {^\v- ■■■) = v^ v ^p Yv + v^p 2ll P2 V + v;?, {piP2}„v + CV. 

with {P1P2} given in Eq.(13) and with corresponding integral representations given by 
Vf 2i = - r (2 + e) J VV H y(l-x)(l- y) R 12i]H x^, 4 , 

v£ = - \ r (1 + e) J vv H (i-x) x- 1 -' , R^ H = - R^h- 

Contracting both sides of Eq.(265) with p\ v and P2p we obtain the following set of four equations: 

1 



(265) 



(266) 



- 2 L^ 156 (-P2,Pl, -P2, -Pi, {m}i23456) 

- K?(P2,P2,-pi,{m} 2 1634) ~ Kl(-P2,-P2,pi,{m}l2543) , 

Pi Km + P12 C = ^ 'l56K? (-P2,Pl,-P2,-Pl,{m}i23456) + V° (p 2 , P2 , ~Pl , {m>21634) 
+ K?(-P2,-P2,Pl,{m}i2543) - K?(P2,P2,-Pl,{m} 2 1634) 

- Vi2(-P2,-P2,pi,{m}i2543)+ K G (P2,P2,-Pl,{m} 2 l634) , 

^212 V 2 "(-p 2 ,Pl, -P2, "Pi, {™}l23456) + K G (Pl,Pl, ~P2, {™}56234) 
+ K G (-' P J -^-P2 J {™}34256) - Vi G (Pl,Pl,-P2,{m}56234) , 

>2 V122 +P12 C + C = ^ ?212 Kf (-p 2 ,Pl, -P2, -Pi, {m}i23456) + ~ P > ~P2, {m>34256) 

+ W 



V^ G (-P2 

piCs+p^v;^ = \ 



(212 V 22 (~P2,Pl, -P2, -Pi, |mjl23456j + V 21 {-f, -F, - 
(~P, ~P, -P2, {m} 34 256) ~ K?(Pl,Pl, -P2, {"l}56234) 



(267) 
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Note that the form factor V£ 4 could be expressed in terms of generalized scalar functions; indeed we have 



v 124 



l# 1|M|1 ' 2 (n = 6 - e) + V^ 2 >\n = 6 - e) 



(268) 



while the remaining ones can be obtained solving the corresponding system of equations. Results for this 
family are summarized in Appendix B.6. V" = V 222 is discussed in Sect. 10.4 of III (see comment at the 
end of Section 9.1.2), evaluation of form factors in Section 11.4. 



9.7 Integral representation for tensor integrals of rank three 

Our aim in this work was to derive all the ingredients needed for the two-loop renormalization of the 
standard model (or of any other renormalizable theory) and to discuss all the tensor integrals that are 
relevant for the calculation of physical observables related to processes of the type V(S) — > //. For the 
classes of diagrams involving at least one four-point vertex, it is sufficient to analyze tensor integral that 
include up to two integration momenta in the numerator. However, for the remaining classes, V M , V K , and 
V" it is necessary to consider in addition tensor integrals that include up to three momenta. As specified in 
the Introduction, we make use of the following shorthand notation: x = 1 — x,Xi = 1 — x%, y { = 1 — m, etc. 



9.7.1 V M family 

For general definitions see Section 9.3. We start by considering the integral with three uncontracted q 2 
momenta in the numerator: 

F M (0|«, P, T, ■ ■ ■) = V™ 21 {Spi} a01 + V™ 22 {5p 2 }a0j + VZ 3 {pi P lP2} a p 7 + V™ 2i { P 2P2Pl} a M 

+ V 2225 Pia Pip Pi-y + V 2226 p 2a Pip P2 7 , (269) 



where we used the definitions of Eq.(13). The various form factors have the following integrals representations 
(with integration measure defined in Eq.(177)): 



V 2 M 22i = - r (2 + e) J W M P 222i; 



mX" 2 e , *>2, 



— Z\ Z2-) ^2224;M — ^1^2f ^2225;M — ^1 ) -^2226 ;M — 



yM = _ 
v 222i 



r(i + e) 



DVm P 222 i-M X M 1 i — 1)2, 



= ~Zi . 



(270) 



X M = Xi is given in Eq.(157). For the tensor integral with three uncontracted qi momenta in the numerator 
we use a decomposition identical to the one of Eq.(269). The integral representation for the corresponding 
form factors is given by 

V£ u = -r (2 + e) J T>V M P 11U ., M x~<~\ Pnu-.M = x 3 P 222liM , i > 2, 



r ' 1 + e » >vv^ 



J 



X'J- e , i = 1,2, 



Qhu;m = xz i [F(z 1 ,z 2 ) +ml], Rhu-m = (6 - e)xzi, P llli;M = -x z t . 



(271) 



Employing again definitions analogous to those of Eq.(269), the form factors for the V™ 2i family are written 



as 



V^ 2i = -T(2 + e) J VV M P, 



22i;M X M 1 



yM = _ 
v 122i 



r(i + e) 



J vv m p 122z]mX 



1-e 

M ' 



Pl22i;M X P 2 22i;M , 2 > 2, 

P\22i;M — X P 2 22i;M i = 1,2 . 



(272) 
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Since the tensor integral V M (a, f3\j) is only symmetric with respect to the exchange of the first two indices, 
a new decomposition in form factors is introduced: 

V M (a, /3| 7 ; • • •) = V™ 21 {S Pl } a01 + V™ 22 {Sp 2 } a ^ + V™ 23 { PlPl p 2 } aPl + V™ 24 {p 2 p 2 pi} aPl 

+ V iL Pla Pl/3 Pl 7 + V iL P2a P2/3 P2 7 + V™ 21 {8pi} a(j | 7 + V™ 2S {Sp 2 } af3 | 7 , (273) 

where all the symmetrized products were defined in Eq.(13). The integral representation for the form factors 
in Eq.(273) is as follows: 



V M 

v 112i 

V M 

v 112i 
Qll2i;M 

V M 

v 112i 

Qll27;M 
R\127)M 



r(2 + e) J VV M P 112 i;M X M 1 P\12i;M — X P 2 22i:M, i ^ 1,2,7, 



r(l + e) 



J W M x 

1) + m ll 
J W M xx X - 1 



P I ^213HE 1 2 1 + e y- 1 n 

r \\2i;M I ^ ' A n X M Vll2i:J\ 



X 



-1-e 



2-e 2-e^ 
xz, z 2 ) + to 2 .], Rn2i;M = (6 - e)xzi, P 112i;M = -x Zi , 

r(l + e) /■_„ rl 



i = l,2, 



2-e 

-zi [F(zi,z 2 ) + to 2 ], 

-(6 — 6)01, Rll28;M 



R^-.m + (1 + e) x" 1 Qll2 



* = 7,8, 



<3ll28;M = - -22 [F(Z1, Z 2 ) + TO; 

-(6-e) z 2 . 



2 1 



(274) 



It is straightforward to show that the form factors V™ 13 , V™ w V™ lb , and V" 16 , are generalized integrals of 
the type yM l|Q2 ' Q3 ' Q4|Q5 : 



v M = 

v 1115 


oc 6 t/1|2,4,1|4. 


10- 


e) 


- y M 

^ 1116 


T O f 1114 O V 1113 , 


v M = 

v 1113 


10 6 t^12,3,2|4.< 

12 to V M ' 1 (n = 


10- 


e) 


- v M 

v 1116 




v M = 

v 1114 


-10 6 t/ 1 ! 2 , 2. 314/ 

-12 w° IV 1 (n = 


10- 


e) 


+ V M 

1 v 1116 


y i r i6 = -36c 6 ^ |2 ' 1 ' 4|4 (n=10-6) 



(275) 
9.7.2 V K family 

For general definitions see Section 9.5. We start by considering the tensor integrals V(/j,, v, a|0; • • •) and 
V(0\fi, v, a; ■ ■ •) which are obviously totally symmetric and for which we can then adopt the same decompo- 
sition in form factors already presented in Eq.(269). Employing the standard procedure, one finds that 



T(2 + e) J W K R„ X ~ 2 - e , i>2. 



R-2223,K — ^1^2 1 ^?2224;/f — Y\ Y 2 , ^2225;K' — ^2 1 ^?2226;/f — Y\ ! 



^2221; 



r(i + e) 

2 

^2 ! -^2222; 



y i? 222 , ;iC x K 



1-e 



1=1,2, 



(276) 



where we recall that the quantities Y\, Y 2 (see Eq.(ll)) are given by Yi = —l + yi—y 3 X, with X = 
(1 — Xi)/(1 — x 2 ). The integration measure is defined in Eq.(224). For the V* u form factors we have 



V K 

v llli 



-^1111;* 



r * 1( = -r(2 + e) j W K R lllilKX - 2 - e , i>2, 

Rlll4;K = — ^1 -^2, Rlll5 : K = _ 

/" W K x 2 (x 2 R llli;K - Qhu ; k) X^ e , * = 1,2, 



p / / r/2 p tj2 1 1 I ) tt3 r> /_/ 3 

^lll^K — n \ - r ^1114:K — 11 1 ^2, -n,Hi5:K ~ ^2 J ^lllGjif — ^ 1 7 

r(i + e) 



^?2, Rlll2,K — — Hi, Qllll;K — H 2 , Q 1112 :K — Hi. 

V3 2/3 



(277) 
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The quantities Hi and H 2 were introduced in Eq.(ll). Consider now the integral V K (pi\v, a); in this case 
we have symmetry in the last two indices and a larger number of form factors; with symmetrized products 
defined in Eq.(13) we have 

V K {n\v, a; • ■ •) = V£ 21 {5pi} va \ M + V£ 22 {Sp 2 } ua \ M + V^ 23 <Wi M + V* 24 8 ua p 2 ^ 

+ P la Plf, Ply + V 122( . P 2a P 2iL P 2V + {Pi Pi P 2 } av | M 

^1228 i.P2 P2 Pi }au | fj, H" ^1229 PlaPlv P2fi + V 12210 pi^ p 2v p 2a . (278) 

The integral representations of the form factors of Eq.(278) are given by 



V, 



= - r (2 + e) J W K R„ x" 2 " 6 , * > 4 , 

-Rl225;K = ~Y 2 Hi, Rl226;K = ~Y^ Hi, R\227,K = _ 5^1 ^2 #2, 
Rl228:K = ~ Yl Y 2 Hl, Rl229:K = ~Y 2 Hi, -Rl2210;K = ~Y^ H 2 , 

V* 2i = - ^tf) I Wjt fii22i;Jf , i = 1, ... 4, 

Rl221;K = 1 — Xl — H 2 , R 12 22;K = 1 ~ Xl ~ Hi, R 12 23;K = ~H 2 , R 12 2i;K = —Hi. (279) 

The integral V K (/i, f|a; • • •) is symmetric in the first two indexes; using the definitions of Eq.(13) we obtain 
V K {ji, v\a; ■■■) = V^{8pi}y.u\ a + V" 22 {Sp 2 }^ \ a + V* 23 5^pi a + V* 24 8^p 2a 

+ V *25 Pla Plfi Plu + V* 2B p 2a P2n P2u + V* 27 {piPlP 2 } tiv I a 

+ V *2S {P2P2Pl}un I a + V* 2a Pl^ Pl v p 2a + V* 210 pi a p 2)1 p 2v . (280) 

The integral representation of the form factors in Eq.(280) is the following: 
V£ 4 = -r(2 + e) / VV K R 112i ., K x~ 2 ~ e , «>4, 

Rll25;K = Y 2 H 2 , Rll26:K = Yl H\ , R 112 7;K = Y 2 Hi H 2 , 
Rll28;K = Yl Hi H 2 , R 112 0;K = YlH\ , R 112 10;K = Y 2 H\ , 

r(i + c ) 



v 

v 1 1 



2 

Rll21;K — — H 2 , R 1122 ;K = — Hi , 



/" W K x 2 R 112i ., K x ^ e , i = l,2 ; 



X^ 1 " 6 , i = 3,4, 



rq + e) 

2 

Rll23;K = 1 — Xl — H 2 , Rll24.;K = 1 _ Xl — Hi , Q 112 3;K = Y 2 , Q 112 4;K = Yl . (281) 



i ',',*_>, - ; - V ' 2 ' j VVk x 2 R 112i;K + y 3 1 x 2 Q 112i . r 



9.7.3 V H family 

For general definitions see Section 9.6. We finally analyze the rank three tensor integrals in the family 
V H . The tensor integrals V H (p, v, a|0) and V H (0\fi, v, a) can be decomposed into form factors in complete 
analogy with Eq.(269). We provide here the integral representations for these form factors, 



y 222i 



-r(2 + e) J W H y 3 R 222i ., HX - 2 - e , *>2, 

R2223.H = — (Z2 — Z3) 2 (1 — Zl — Z 2 ) , i?ni4;H = (z 2 - Z 3 ) (1 — Zl — Z 2 ) 2 , 
R2225.H = (Z 2 — Zs) 3 , R 2 226:H = — (1 — Zl — Z 2 ) 3 , 



222: 



-Ir(l + e) f VV H yR„x H 1 -\ i = 1,2, 



^2221;ff — Z 2 — Z 3 , R 2 222:H — — (1 ~ ^1 ~ Z 2 ) , (282) 
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where the integration measure is given in Eq.(253). Also 

V£ lt = -T(2 + e) J VV K 3?y 3 R llu ., HX - 2 - e , Run-,* = - R^**, i>2, 



Kf» = -^r(l + e) J VV H x 2 y[xR llliiH + ^Q 11U[ 



X" , i = 1,2, 



Rllll.H — Qllll.H — Z 3 ~ Z 2 J Rlll2:H ~ Qlll2;H — 1 _ Z l _ Z 2 ■ (283) 

For the tensor integral V H (/i\u, a) we employ another decomposition into form factors, based on the defini- 
tions of Eq.(13): 

V H ((j,\v, a; ■ ■ •) = Kf 21 {5pi} ra | M + V£ 22 {<5p 2 } ra | M + Kf 23 <Wi M + ^f 24 <5„ Q p 2M + V£ 25 p la p llu , p lu 

+ V " 2 27 {PlPlP2}n» a + V 1 H 22g {piP2P2}ixua , (284) 

obtaining the following parametrization: 



v 122i 


= -r(2 + e) J 


VV H y 2 xyR 122t . H x H 2 e , 


i > 4, 




= -(Z2~ Z 3 )\ 


Rl226:H = (1 — Z\ — Z2) 3 , 




R\227:H 


- (Z2 - Z 3 f (1 - 


~ Z\ — Z 2 ), Rl228:H = — [Z2 


-*3)(1 


V \22i 




J VV H xR 122i;H X ^ £ , i 




R\22\;H 


= y(z 2 - z 3 ), 


Rl222;H = -2/(1 - Zl ~ Z 2 ), 




Rl223;H 


= -y(z2- z 3 ), 


Rl224;H = V (1 - Z\ ~ Z 2 ) ■ 





(285) 



Finally, for the tensor integral V H ([i, v\a) we adopt the decomposition 



V H (p, u\a; ■■■) = V" 21 {Spi}^ \ a + Vf 122 {Sp 2 }^ \ a + V" 23 S^pi a + V" 2l S^p 2a + V" 2rj p\ a p\^p\v 

^1126 P2a P2fi Plv 

+ V 1 H 12T {piPip 2 } l ,»a + V 1 H 12a {piP2P2}^ a , (286) 

where symmetrized products are defined in Eq.(13). We obtain the corresponding expression for the form 
factors: 

V" 2i = -T(2 + e) J VV H yx 2 y 2 R 112i;II x~ 2 ~ e , R 112i -, H = - R 122i -, H , *>4, 

V 1 » 3t = -^T{l + e) j VV H xR 112i;HX - 1 - e , i= 1---4, 
Ruii-.H = -xy (z 2 - z 3 ) , R 1122]H = xy (1 - z\ - z 2 ) , 

#1123,* = (1 ~xy) (z 2 - z 3 ) , R 1124 .;h = - (1 - xy) (1 - z\ - z 2 ) . (287) 

Note that V H (n\v,a) and also V H (^i, v\a) require a smaller number of form factors than V K {fi\v, a) and 
V K (n, v\a). One can check that this is indeed the case by repeating the arguments already used in discussing 

v h (pW). 

We conclude observing that another way of parametrizing rank three tensors is through Eq.(48), after 
which the corresponding form factors are obtained with the help of Eq.(51); the two sets of form factors are 
easily related but with this parametrization and for a singular Gram matrix the inversion can be done with 
its pseudo-inverse, as pointed out in [22]. 



9.8 Diagrammatic interpretation of the reduction procedure 

All the manipulations discussed in the previous Sections, aimed at reducing form factors to combinations 
of scalar integrals, have a diagrammatic counterpart. Diagrams with reducible scalar products in the numer- 
ator give rise to standard scalar functions of the same family and contractions corresponding to diagrams 



48 




Figure 12: Diagrammatic interpretation of the reduction induced by a reducible scalar product. Here I145 = pf — 
m 2 + m.5, while the symbol <E> denotes insertion of a scalar product into the numerator of the diagram. 

with fewer internal lines, as illustrated in Fig. 12 (there, the symbol lE> denotes insertion of a scalar product 
into the numerator of the diagram). The figure is based on the simple relation 2 172 ■ Pi — [5] A - — [4] K — Z145. 
After permutation of momenta we obtain the first of Eqs. (228) where the form factors are expressed in their 
standard form. 

There are 7 — 1 irreducible scalar products for two- loop vertices, neglecting additional branching of the 
external lines (as in Fig. 5), / being the number of internal lines in the graph; in the reduction procedure 
they give raise to both contractions, i.e. scalar diagrams with less propagators, and to ordinary /generalized 
scalar functions of the same family as illustrated in Fig. 13. The component with contractions and ordinary 




Figure 13: Diagrammatic interpretation of the reduction induced by an irreducible scalar product. In the first diagram 
of the RHS non-canonical powers —2 in propagators are explicitly indicated by a circle and the space-time dimension 
is 6 — e. Here l P \2 — P 2 — m\ + ml and lu = /i 2 /it where fi is the unit of mass. The symbol <g> denotes insertion of a 
scalar product into the numerator of the diagram. 

scalar functions is given in the second row of Fig. 13 while the irreducible component is expressed through a 
generalized scalar function in 6 — e space-time dimension, as depicted in the first row of Fig. 13 (there, a circle 
denotes a non-canonical power 2 for the corresponding propagator). Note that the irreducible component 
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appears multiplied by the Gram determinant. 

Whenever this relation, or similar ones, is used in the reduction procedure, the last diagram on the r.h.s. 
of Fig. 13 will be written as in Eq.(228) after a rearrangement of its arguments, see Fig. 14. In principle a 

P2 




Figure 14: Rearrangement of arguments bringing the diagram in the l.h.s. to the standard form of the /-family, see 
Section 9.2. 

generalized scalar function can be cast into the form of a combination of ordinary scalar functions using IBPI 
techniques but, in practice, these solutions are poorly known in the fully massive case; it is somehow hard to 
accept that part of our present limitations are related to a poor level of technical handling of large systems 
of linear equations; however, this really represents the bottleneck of many famous approaches (see [32] for 
recent developments). 

10 Graphs, form factors and permutations 

Diagrams of any renormalizable field theory, like the standard model, must be generated according to 
the rules of the theory itself, they must be assembled to construct some physical amplitude and a reduction 
must be performed. There are many technical details hidden in this procedure, in particular some efficient 
way of handling the different topologies while assembling the grand total of diagrams. 

We briefly illustrate our approach: for the sake of clarity we refer to the V E -family. In principle, for a fixed 
choice of the external momenta we should consider three kind of diagrams, as shown in Fig. 15. However, 



^ P2 ^ P2 y> P2 




Figure 15: The T/ E -family. External momenta flow inwards. 

in our automatized procedure, we will only compute the first diagram of Fig. 15 since the remaining two are 
obtainable through permutation of the external momenta. To illustrate the procedure we consider a specific 
example, the process H{—P) +^{pi) +7(^2) — * 0; in the standard model there will be diagrams like the one 
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of Fig. 16(a) which can be expressed as a combinations of functions V£.j (p2, P, M w , M H , M w , M w ), but also 
diagrams like in Fig. 16(b) which are always evaluated according to the conventions of Fig. 16(c). Therefore 




Figure 16: A V E -taim\y contribution to H(—P) + "/(pi) + j(p2) —* 0. External momenta flow inwards, 
they correspond to combinations of functions 

V*. j (Pi . ~P2 , M w , 0, M w ,M W ). (288) 
Similarly the decomposition into form factors will be as follows: 

V B ( t i\0;p 1 ,-p 2 ,M w ,0,M w ,M w ) = -V*(p 1 ,-p 2 , ■■■)P li + V£{ Pl ,-p 2 , ■■■) Plfl , (289) 

etc, showing that the consistent basis to expand the form factors is (— P , p\). After permutation, the results 
of our paper follow automatically. For a correct treatment of the combinatorial factors we refer the reader 
to Appendix C. 



11 Strategies for the evaluation of two- loop vertices 

Scalar configurations for irreducible two-loop vertices were considered and evaluated in III, where tables of 
numerical results were presented. The techniques include several variations of the standard BT-algorithm [17] 
and the introduction of parameter-dependent C-functions (for which we refer the reader to Appendix E of 
III, where they are introduced and their numerical evaluation is discussed in Eqs. (291-294)). 

The same set of procedures can be easily generalized to cover a non-trivial theory (i.e. one with spin) 
using the defining parametric representations and the reduction formalism derived in this article. 

A few relevant examples will be shown and discussed in the following sections. We will place special 
emphasis on proving that new ultraviolet poles, not present in scalar configurations, do not prevent the 
derivation of representations of the class Eq.(2) for tensor integrals. 

The three diagrams (with non-trivial numerators) belonging to the V 1N1 -family, namely V E , V and V M , 
are evaluated by repeated applications of the BT algorithm [17]; in this case the procedure remains the 
same as for scalar configurations, since the BT-algorithm works independently of the presence of additional 
polynomials of Feynman parameters in the numerator. We only have to pay some attention to the limit 
e — > 0, which cannot be taken from the very beginning for tensor configurations that are ultraviolet divergent. 
The introduction of parameter-dependent C-functions for tensor integrals of the remaining families is also 
shown. 

11.1 Examples in the V" E -family 

A typical example is given by the V E -iaimly where we can easily provide integral representations for the 
scalar representative and for the form factors, e.g. 



2 J dC 2 ]n Xls (x,l,y)-l 
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+ / dCS(x; y,z) AiA 



lnx E (x,y,z) 



V E = - ■ 
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1 -a-2 

12 _ »v 



1-2/ 

_ A _ Ic(2) + 2A ( 
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dC 2 lnx B (x,l,y)L E (x,y) - - - ^(2), 



~y dCS(x;y,z) \nx E (x,y, z) + (1 - z) 
+ j dC 2 {l-y) lnx E {x,l,y)L E (x,y), 



J dC 2 (l-y) ln XE (x,l,y) + i 



1 IT 2 
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A' UV -2A UV J dC 2 \nx E (x,l,y) + / f/f.S' Cr ://.:) In \ J: (,r. .//. : 



- y" rfC7S(a:;;/,z) ^X E (x,y, z) ^ _ j ^ ^ y) ^ y) + 1 + 1 ^ 



v a v 21 v 22 ' 



K 6 K 22 1 



(290) 
(291) 

where the l.h.s. of the last equation refers to the (pi,P) basis. Furthermore, L E (x,y) = ln(l — y) — h\x — 
ln(l — a;) — lnx E (x, 1, y) and x E is obtained from Eq.(125) by rescaling by 1/ | P 2 \. 
Smooth integral representations for higher tensors can be classified according to 



Vf = K i + a i A uv J dC 2 y a > ln XE (x, 1, y) + h J dCS(x;y,z) z ft ^X E (x,y,z) 
+ J dCS (x; y,z) P l (y,z) \nx E (x,y, z) + a J dC 2 y' H ln% E (a;, 1, y) L E (x, y), 
and coefficients and exponents for the first few cases are reported in Tab. 1. 
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Table 1: Parameters for the V E form factors according to Eq.(292). 



11.2 Examples in the V ,V M families 

Consider the V^-family as a second example. All form factors can be expressed as linear combinations 
of integrals of the following kind (x 7 is obtained from Eq.(157) by rescaling by 1/ | P 2 |): 



h;i =J VV lX - X -\ h X]1 = J W, x; 1 ^ x, I 2xX ;: = J W^-^x 2 , etc. 



(293) 



■52 



As an illustration we derive the ultraviolet finite part for the first few integrals of the list, introducing 
1 



/"fin _ 
1 n:i ~ 



M 2 bj 



[ dxdy [ " dz x f * dz 2 I^ + [ dxdy [ " dz + f dC 2 7 2 ;I + (294) 
Jo Jo Jo Jo Jo J J 



Notation follows closely that of Sect. 6.1 of III (sec also Eq. (12) of III for the definition of [y, z, u]i) and b 1 
is the BT- factor of the function (see Eq. (64) of III); therefore we have 



f({x} ; y, z) for i = 
f({x} ; [y z u]i) = { f({x} ; z, z) for i = 1 . 

f({x} ; z, u) for i = 2 



(295) 



bj = {v\ + n\ - ii\f - M35 (1 + v\ - v\) (y\ + - 1*1) + M35 v l + X iVl 
where we have set A 7 = A(l, v\, v%) and where 
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p2 y i=l,...,N, ^=\^\, 3 = 1,2, M ?. = l + /i?-^. 
BT co-factors are 

Z ;/ = -A„ Z 3;J = 0, Zi ;/ = (1 - ^ 2 - v\) {v\ - A»2b) + 2 (l/J + /X 2 _ M 2) ^ 

Z 2;J = -(1 -v\- vl) {v\ + n\ - n\) - 2 (i/ 2 - ^ 5 ) i/ 2 , Zr, = Z 4;I - Z i+ i ;7 . 
We define additional auxiliary functions: 

£ I (x,y,z 1 ,z 2 ) = Xi{x, 1 - y,Z!,z 2 ), 

L I {x,y,z 1 ,z 2 ) = ln(l - y) - \n{x) - ln(l - or) - ln^ (a;, y, zi, z 2 ). 
Our results are as follows: 

T A - 

1 0;l — 



1 _ \n£, I {x,y,zi,z 2 ) 



7 3 ;J = [l- L 7 (a;,0,l-i/,x)] In ^(x,0,l - V,z) + ^ ln^(x,y,[l - y,z,0} ) 
1 V- 7 - ln^(a;,y, [1 -y,z,%) 

+ 9 z * 7, 



i=0 
2 



i=0 



4^ = * 4" / i°x;, = -^i(2) + ^ J? y;J = -In^(a;,tf,«i,«2), 

1 2 1 

4/;; = 2 X! % ln £/( x >2/' I 1 - y, z ,°h) + 2 y ln ^( x 'y' I 1 _ y, z ,°h), 

i=0 

ln^ (x,y,z 1 ,z 2 ) 



hy;l — Ily;l ~ ®, hy;I ~ 1) Azi ;f — 9 C^l — 3 Zi) ■ 



2/ 



J^., = ^(Z 1 -3z) Lj(x, 0,1 -y, z) In £, (x, 0, 1 - y, z) + i (Z x - y) In ^ (a;, y, [1 - y, z, 0] ) 
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+ ^ ln^(a;,0, 1 - y,z) + - Z 0;J 



1 7- l n £,(x,y, I 1 - y,2,0] ) 
2 



. z 7 - ln^(x,y, [l-y,z,0]i) 
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hz x ;i - ~ g biK 1 ) + gg: hz 2 -,, - 2 i z 2 - 3z 2 ) 
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i=0 



12 



72' 



where S n (k) = Similar expressions can be written also for higher order form factors showing, 

once more, that scalar and tensor integrals give similar results and can be treated in one single stroke. 

Once again the whole procedure can be described in terms of a specific example. Consider the diagram of 
Fig. 17 which contributes to the on-shell decay amplitude Z — » . The on-shell vertex, including external 
wave- functions, is decomposed according to Eq.(35) and the corresponding coefficients are subsequently 
evaluated; for instance we consider the contribution coming from the diagrams of Fig. 17 and derive the 
vector coefficient in the limit m/ — 0. Using Eq.(38) and taking the trace we obtain the following expression 




Figure 17: Diagram of the V'-family contributing to Z — ► l + l 



F v 



iir 4 g 5 s% 



1{ . rii L MjV; ( Pl ,P,M„M w ,M w ,0,M w ) + M^V 1 [(pi,P,M z ,M w ,M w ,Q,M w ) 

+ ( Ml + M 2 z ) V{ 2 (p u P, M z ,M w ,M w ,0, M w ) + A ([M W ,M Z }) C (p uP2 , M w ,0, M w ) 
- V E Ox , P, M z ,M W ,0, M w ) + Vg (0, P, M Z ,M W1 M W ,M W ) 

+ 2 V£ (0, P, M z ,M W ,M W ,M W ) - V* ( Pl , P, M z , M w , 0, M w ) 



(301) 



The form factors of the U E -family in Eq.(301) can be further reduced according to the results of Section 9.1 
or, more conveniently, they can be computed according to Eqs.(118)-(123). A similar situation appears for 
the form factors of Eq.(301) of the V^-family for which we use the reduction techniques of Section 9.2 or an 
explicit evaluation using Eqs.(293)-(300). 

Results in the V^-family are very similar in their structure and will not be reported here. Furthermore, 
the graph corresponds to a one-loop self-energy insertion which should be Dyson-re-summed. 
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11.3 Examples in the V rG -family 



Coming back to the strategy to evaluate tensor integrals, we observe that two other scalar diagrams, V G 
and V K , were expressed in III in terms of integrals of C- functions (Appendix E of III) . 

It is very easy to extend the derivation to tensors. Consider, for instance, the V G case: starting from 
Eq.(202) the appropriate strategy will be as follows. If we need to prove a WST identity, where the presence 
of Gram determinants is inessential, we simply invert the system and derive V? with i, j = 1,2 in terms of 
known quantities. If instead we need to use these form factors to compute some physical observable, then 
a possible strategy is the following: suppose that p\ ^ 0, then V° is eliminated and V£ is either given in 



terms of V 



at n = 6 — e or explicitly evaluated. 



If we choose the second strategy then x G 1S a quadratic form in yi,y2, with x-dependent coefficients and 
we can use the results of Appendix E of III to write 



V G — — f 

M 2 J 



dS 2 ({x})x 2 <?„(())- C (0) 



(302) 



with \P 2 \ = M 2 . Similarly, if p\ ■ p2 ^ we can eliminate V G and express V 2 G in terms of generalized scalars 
as in Eq.(204), or explicitly derive 



V 



M 2 j 



dS 2 ({x}) <?„(()) -C„(0) 



(303) 



For this family the rank two tensor integrals are ultraviolet divergent. For the form factors of the 22z-family 
defined in Eq.(205) the relevant quantity is V G 4 — T/ 2 - 1 ! 1 - 1 ! 1 evaluated at n — 6 — e which, with \a obtained 
from Eq.(197) by rescaling by 1/ | P 2 |, can be rewritten according to 



V, 



2 Km 2 ) 



<•>/ 



dS 2 ({x}) x 2 {l-x 2 ) 



-l-e 



/ 



dS2({y})yfx 



(304) 



Eq.(304) shows the expected ultraviolet poles; indeed the integral is overall ultraviolet divergent and so is 
the 7) sub-diagram. With ui defined in Eq.(15) and X G;0 = Xg( x 2 = 0) we obtain 



V £L = \ J dS 2 (x 1 ,x 2 ) J dS 2 (y 1 ,y 2 ) (1 - x 2 
ln X G 



-1 yG-,4 

v 224 
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1 



C(2), 



(305) 



where, as usual, A uv — l/e - A uv and A uv = 7 - lnw/M 2 , with M 2 —\ P 2 \. Similarly V° t will develop 
a double ultraviolet pole being overall divergent with (a,-f) divergent. In this case the additional pole is 
hidden in the j/2-integration, as shown in Eq.(217). 



11.4 Examples in the V K , V rH -families 

Also the l/ K -family can be expressed in terms of well-behaved integrals of C-functions, introduced in 
Appendix E of III. From Eq.(230) we see that one of the relevant objects to be evaluatet is I R . K — yMl 1 . 2 - 1 ! 2 
for n = 6 — e: the important result is that this quantity can be computed along the same lines of the 
corresponding scalar integral. 

The derivation is straightforward: starting from Eq.(224) we will adopt the same technique as in Sect. 9.1 
of III; with X = (1 — xi)/(l — x 2 ) = 1 — X we change variables according to y\ = y[ + X y%, y 2 = 2/2 + AT 2/3 
and J/3 = 2/3. Next we perform the j/3 integration analytically; after that the y\ — y 2 interval is mapped into 
the standard triangle < y 2 < yi < 1 and the net result is a combination of 10 integrals of C functions with 
{x} dependent parameters, as defined in Tab. 2 of III. Therefore, we obtain expressions for both standard 
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and generalized scalar as 

V o* = -Jji J dS 2 (x u x 2 ) 



x 2 



Ir;k- m4 
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Xi Xl J 



(306) 



where C n ([i — j]) = C n (i) — C n (j) and where Xj = 1 — Xi, x — x± — x 2 . Furthermore we have 

A(xi,x 2 ) = v 2 x - x 2 (1 - x 2 ) [i\ +x 2 (1 - xi) [p\ - nl + s p ), 
-s p x\ + xi (-s p + n\ - + x 2 (nl 



Mr) 



M2. 



(307) 



where, according to III, we introduced P 2 = — s p M 2 , [if — to 2 / \ P 2 | and v 2 - , 



pVp 2 



In this family we can show another example of ultraviolet divergent form factor in a situation where the 
corresponding scalar integral is convergent. Consider V* 4 defined in Eq.(244). Since the qi sub-loop diverges 
we expect a simple pole at e = 0. Let us define 



x 2 (1 - x 2 )x K (xi,x 2 ,y 1 + Xy 3 ,y 2 + Xy 3 ,y 3 ) = £ K ({x},{y}) = £^(2/1,2/2,2/3), 



(308) 



where x K i s obtained from Eq.(225) by rescaling by 1/ | P 2 |; £ K is a quadratic form in 2/1,2/2, linear in y 3l 
with x-dependent coefficients. The procedure of extracting the ultraviolet pole (a subtraction, as introduced 
in III) , followed by a mapping of the y\ , y 2 integration regions into the standard triangle < y 2 < y\ < 1 , 
will introduce several new quadratic forms which will be enumerated as follows: 
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where £ K (2/1, 2/2) = £ K (2/1 , 2/2 , 0) . We introduce new functions corresponding to well-defined integrals of the 
C-class: 



J dS 2 {y 1 ,y 2 )^=C° {l)- e -Cl{l) + O{e 2 ), C l u (l) = J dS 2 (y u y 2 ) fr 1 In Vi . 



(310) 
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All of them can be evaluated with the same algorithm described in Appendix E of III. Collecting all the 
ingredients we obtain 
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Note that in Vm- B;K the C-functions have parameters which depend on xi,x 2 and also on 2/3. 

The l/ H -family is characterized by having ultraviolet finite components up to rank four tensors. Therefore, 
the techniques introduced in Sect. 10 of III can be transferred in an integral manner to all relevant form 
factors discussed in this article. 



12 Conclusions 

Any realistic calculation of physical observables in the framework of quantum field theory is remarkably 
more demanding than simply having at our disposal techniques to evaluate few special scalar diagrams. 
There are of course different strategies to compute complex diagrams but, to a large extent, they all amount 
to reducing a large number of integrals to some minimal set of master (irreducible) integrals. 

As a starting procedure, one always saturates the Lorentz indices in the Green functions so that the 
numerator of the Feynman integrals contains powers of scalar products. The novelty in the analysis of two- 
loop vertices consists in the presence of so-called irreducible scalar products, namely, configurations in which 
the available propagators are not sufficient to algebraically simplify the numerator. Note that irreducible 
scalar products already occur in two-loop self-energies; there, however, the technique of reduction in sub- 
loops [7] alleviates their irreducibility (see our presentation in Section 5). 

We showed that tensor integrals can be first of all decomposed into a combination of form factors, many 
of which can be reduced to scalar integrals (either of the same family or of families with a smaller number 
of propagators), while few irreducible integrals remain. It is then possible to relate these latter ones to 
generalized scalar integrals of the same family, i.e. integrals in shifted space-time dimensions and with non- 
canonical powers of the propagators. The number of these generalized scalar integrals can be further reduced 
using generalized recurrence relation techniques introduced by Tarasov in [27]. 

Alternatively, we developed our favorite strategy: following the findings of our work on one- loop multi-leg 
diagrams, we sought for a procedure where all integrals occurring in a realistic calculation can be written 
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in a form analogous to Eq.(2). The practicality of this approach was strengthened in Section 11 by the 
explicit treatment of several form factors, paying particular attention to those cases where new or additional 
ultraviolet poles arise. In a line, we assembled the bases for extending a diagram generator to an evaluator 
of physical observables. 

In our opinion, the optimal algorithm puts tensor integrals on the same footing as scalar ones and 
should not, therefore, introduce any multiplication of the tensor integrals by negative powers of Gram 
determinants. The numerical quality of tensor integrals should also not be worsened, as a consequence of 
the adopted reduction algorithm, by expressing them as linear combinations of master integrals; in this case, 
the kinematic coefficients have zeros corresponding to real singularities of the diagram, but their behavior 
around the singularity is always badly overestimated. 

These shortcomings are not severe in the (almost) massless world of QED/QCD, but they turn into serious 
disadvantages in the massive world of the full-fledged Standard Model (SM). We found it more convenient 
to interpret irreducible configurations as integrals in the canonical 4 — e dimensions with polynomials of 
Feynman parameters in the numerator; they can be computed - numerically - as well as the scalar ones. 
Several explicit examples were presented in Section 11. 

Once we have reduced all obviously-reducible structures, we may as well compute all remaining quantities 
numerically. We must of course avoid situations where cancellations are expected: this may happen when 
the final result contains a very large number of terms, when apparent singularities are present (see Sect. 
D of III for a discussion) or when inherent gauge cancellations do not support a blind application of the 
procedure. We do not expect our approach to suffer from problems more severe than those encountered 
in other methods, but this remains to be fully tested in explicit two- loop applications. Comfortingly, our 
findings in numerical one- loop analysis (but also independent work [33]) support this claim. 

In conclusion, we collected in one single place all the formulae needed to reduce fully massive tensor 
integrals, diagram-by-diagram up to three-point functions, to generalized scalar integrals. One may then 
choose how to proceed; for instance, using explicit integral representations for these functions and evaluating 
them with the same algorithms of smoothness (or with some of their generalizations) introduced in [5] for 
ordinary scalar functions. 

Although we believe that there is no substitute for writing linearly, and that any article should be read 
linearly as well, we inserted several Appendices to be consulted as a reference. 

The collection of results of this article contains all the ingredients needed to rcnormalize the SM (or any 
other renormalizable field theory) at the two-loop level, and to calculate the two-loop gauge boson complex 
poles as well as physical observables related to processes of the type V (S) — > //, the decay of vector or scalar 
particles into fermion-anti-fermion pairs. The use of projector techniques [20], augmented by the explicit 
reduction formulae that we collected, with the supplement of suitable integral representations for irreducible 
components, are the main tools to carry out the program. 
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A Reduction for generalized one-loop functions 



Generalized one- loop functions can be treated according to the BT-algorithm discussed in [3]. For 
B (pt,(3; p, toi,to 2 ) one may use the results of Sect. 3 of [3], in particular Eqs. (23-24). 

For the C-family there is full reducibility and, moreover, different scalar integrals can be related among 
each other and expressed in terms of standard scalar functions. The most convenient approach is based on 
the fact that all C-functions can be evaluated according to the BT-algorithm. We illustrate the procedure for 
functions of weight 4, where the weight is defined to be the sum of the (positive) powers in the propagators; 
all C functions can be written as 

/N M 
dS 2 P(x 1 ,X 2 )V- 2 -^ 2 (x 1 ,X 2 ), P{X U X 2 ) = Y J Yl OnrnXtx?, (314) 

n=0 m=0 

where w — a\ + a 2 + a 3 and where the polynomial P depends on the specific case under consideration. For 
standard (w = 3) form factors (from C n to C 24 ) the corresponding polynomials are given in Eq. (41) of [3]. 
For scalar functions of weight 4 the P are 1 — x\ for C„(2, 1, 1), x\ — x 2 for C (l, 2, 1) and x 2 for C (l, 1, 2). 
Higher weights can be evaluated recursively, e.g. 

N M 

C nm [w = 4] = J dS 2 V~ 1 - e/2 (xi,X2) \nX l x r t~ 1 x™ +mX 2 x 7 lx 2 n - 1 + (e - n - to) x™ 
+ J dd [{l-X 1 )x?V- 1 - c /\l,x 1 ) + (X 1 -X 2 )x? +m V- 1 - c / 2 {x 1 ,x 1 ) 
+ ^,oX 2 r 1 - e / 2 (xi,0)], (315) 

where, with the definition of Eq.(19), the quadratic form V is 

V(xi, x 2 ) — x t Gx + 2 K f x + L, Gij = —pi-pj, L = to 2 , 

Ki= l - (pf + to 2 - to 2 ), K 2 = l - (P 2 -p 2 + m 2 - to 2 ), (316) 

with P = pi + p 2 . Furthermore, B 3 = L — K l G^ 1 K and X = — G^ 1 K . For w — 3 we finally have 

C nm [w = 3] = C° mn -\jd Cl Gl n -\J dS 2 x\- X x^C 2 nn ] , (317) 

where the coefficients are 
rid _ • 



(2 + n + m) (1 + m)' 

Cl n - (X 1 -X 2 )x n + m In V(x 1 ,x 1 ) + 6 mfi X 2 x? In V(x u 0) + (1 - X{)x? In V(l, Xl ), 

Cmn = (m X 2 x 1 - (2 + n + m) x x x 2 +nX x x 2 ) In V(xi,x 2 ). (318) 

D-family functions of weight 5 can be reduced recursively with three iterations of the BT-algorithm; see 
Sect. (6.2) of [3] for a discussion, in particular Eqs. (140-142). These functions are not needed in this paper. 

B Summary of the results for the reduction of three-point functions 

In this Section we present a summary of the results obtained for the reduction of two-loop three-point 
functions and derived in Sections 9.1-9.6. Tensor integrals are defined by having powers of momenta in the 
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numerator; they are further decomposed into form factors <g> tensor structures and, for completeness, the 
full collection of results is presented for the form factors as well as for tensor integrals with saturated indices; 
the latter are perhaps the most important objects when one computes physical amplitudes in the framework 
of the projector techniques introduced in Section 4. 

The presentation is organized through a series of concatenated formulae that can be easily coded with any 
of the well-known packages for symbolic manipulation; the formulae below can thus be used as they stand or 
they can be used recursively. Each object of the list contains scalar functions or form factors corresponding 
to tensors of lower rank and with fewer propagators that can be found earlier in the list and, if needed, the 
procedure can be iterated until the chain of reductions stops with a fully scalarized expression. 

Formulae for ordinary scalar vertex functions can be found in III where, however, the alphameric con- 
vention was not yet used and therefore the correspondence is based on Eq.(25). In particular, Vf = Vf 21 
in Sect. 5.1, V ' = V 131 in Sect. 6.1, Vf = V a 221 in Sect. 7.1, Vf = V 141 in Sects. 8.1 - 8.2, Vf = V 231 in 
Sects. 9.1 - 9.2 and Vf = V 222 in Sect. 10.4 of III. Additional material, with the extension to generalized 
scalar functions, is presented in this paper in Sects. 11.1 - 11.4. Finally, reduction of one-loop generalized 
form factors has been discussed in Appendix A. 

Additional notation, relevant for this Appendix, was given in the Introduction but is repeated here: we 
denote by G the Gram matrix arising in the context of a vertex function and use 

Gij=pi-pj, D = dct G ~p\p\ — (pi ■ P2) 2 , D l =p\pl, D 2 =p 12 p 2 2 , D 3 =p 12 p 2 . (319) 

Before presenting the list of results we would like to discuss one specific example. Consider a rank two tensor, 
e.g. from Section 9.5, where all indices are saturated with external momenta: 

V K (0 I Pi, Pi) = \ {-Z145 [vZpl + Vf 2 pi 2 ] - ^(P,P,pi,{m}i23«B)p? 

+ P1-P [v G (P, P, 0, {m} 1236 4) - Vf 2 (P, P, 0, {m} 1236 4)] }. (320) 

After the first step in the reduction there is no Gram determinant but the latter may still be hidden in 
form factors corresponding to tensors of lower rank. As a matter of fact, we may iterate the procedure and 
consider 

Vf lP 2 + Vf 2 p 12 = V K (0\ Pl ), 
Pi ■ P [^(P,P,0,{m} 1236 4) - ^(P,P,0,{m} 12364 )] = V G (0\ Pl ; P, P, 0, {m} 12364 ), 

K?(PPf>i,{m} 12365 ). (321) 

A reduction, which is again free from Gram determinants, can be applied to the first term in Eq.(321); how- 
ever, further scalarization for the last two can only be performed if Gram determinants do not pose a problem, 
as in proving WST identities; otherwise the reduction chain for these terms should stop and their evaluation 
will follow according to the corresponding defining representation (note that V G (0 | P ; P, P, 0, {m}i 2364 ) is 
instead fully reducible) . Alternatively, the term can be further reduced with generalized recurrence relations 
which, however, introduce additional kinematic coefficients, with the appearance of (physical) singularities 
etc, etc. 

In summarizing the whole set of results we adopt the following convention: the list of arguments of tensor 
integrals in a given class is suppressed when we present their reduction; therefore 

Vf = Vf(p 2 ,P, {m} 1234 ), Vj = VjipuP, {m} 12345 ), 

Vf = Vf(pi,P, {m}i 2345 ), Vf = Vf(pi, P i,P, {m}i 2345 ), 

Vf = Vf{P, Pl ,P, {m} 123456 ), Vf = Vf(-p 2 ,pu -P2, -Pi, {m} 

where J denotes a generic form factor in the family and where, for the M family we always assume m 6 = m 3 . 
We also report, for completeness the definitions of all form factors occurring in our paper: 

v j (fi 1 ;•••)= Yl ^ p*. yJ (° I ^ ;•■■)= E V ™ J = E > 7 > M > G > K > H > 

i=l,2 t=l,2 



123 4 56; 
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V'{Q\^v 

V G {n\v 

V K {Q\n,v 
V K {[i\v 

V H (0\n,v 
V H (»,v\0 
V H {p\v 
V M ( f i,iy,a\0;- 

V M (0\[i,v,a;- 

V M {ii\v,a;- 

V M {ii,u\a;- 

V K (ji\u,a;- 

V K {ii,v\a;- 



■■) = V i E n V\»V\v + Vf 12 p 2f , V2v + Vf 13 {pi p 2 \ llv + Vf 14 5^, 
■■■)= V 2 ' 21 PlnPlu + V 2 1 22 p 2 f_ t P2u + V 223 {pip 2 }^ + V 22i S^, 
■■■)= V 22l Pin V\v + V 222 p 2 ^ P2v + V 2 ™ {pip 2 } 
■■■) = V 2°2l V\V V\u + V 2 ° 22 P2^ P2v + V 2 % {P1P2} 



jJ.V 



V M <) 

V 22i U n v 1 
V 224 U V 



etc, 
etc, 
etc, 



' ' = V Sl Pin V\v + V G 22 p 2l i P2u + V G 3 pip P2u + V° s pi u p 2 ^ + V° 4 5^, 

■■■) = VfuPinPiv + V^PznPzu + V° 3 {pip 2 }^ + V G 4 5^, 

■■■)= K^lPlvPlv + y 2 22 P2nP2 V + V 223 {pip 2 }^ + V 2 K 2l 5^, 
■■■) = V121 Pin Pi" + V 122 P2f, P2v + V£ 3 p lfl P2u + V* b p lv P2f, + V* 4 5^, 



V K 8 

v 114 u liVl 



V 223 {PiP2}^ + V 2 ^S 



V'l, Pl^ Plv + V* 2 p 2 ^ P2v + V* 3 {piP 2 }^ 

V 221 Pin Pi" + V 222 P2n P2V 

V"iPinPiv + V"i2P2nP2v + V" 3 {pip 2 }» v + V" 4 5^, 

V" pi,* pi„ + V" 22 P2n P2v + V 123 {pi p 2 }^u + V 124 6p V , 

V'L {5pi}^ a + VZ 2 {5p2}^ a + VZ 3 {piPiP2}^ a + vz 4 
+ ^"15 Pin Ply Plot + v ifie P2n P2v P2a, etc, 

) = ^2221 {$Pl}nva + ^2222 {8p2}pva + V 2223 {piPlP2\p.v a + V 2224 {p 2 P2Pl} f. 
+ V2225 Pin Pl^ Pla + V 2226 P2^ P2v P2c, etc, 



•) 
•) 
•) 

•) = 



{P2P2Pl}^ 



■) = v h 

1 11 



{PlPlP2}^ a + V 1224 



{P2P2P1} 



IAVOL 



1221 1223 

+ Vi^sPlpPlvPla + V™2 S P2nP2 

) = Vif 2i {5 P i}^ a + V™ 22 {S P2 }^ a + V™ 23 {pi P ip 2 }^ a + V™ 24 { P2 P2Pi}^ a 

+ V lL Pin P^ Pla + V ™26 P2n P2v P2a + V™ 27 {Spi}^ I a + V^L { S P2 } ^ \ a , 

) = K221 {$Pi}va I n + v *222 {bP2\ va 1 n + V 1223 5 va p llx + V 1224 

+ V l225 Pla Pin Plv + V 1226 p 2a P2n P2u + V 1227 {pi pi p 2 } a u \ ju 
+ V1228 {P2 P2 Pl} va I fi + V 122g pi a pi v P2it + V 12210 pi^ p 2 



■) = V *2l {5pi}pv I a + V*22 {5P2}pv I a + ^23 ^Pla + ^24 $ n»P2c 
+ V*26 Pla Pin Plv + V*26 P2a P2^ P2u + Kf 27 {P1P1P2} ^ | a 
+ V *28 {P2P2Pl} vll I a + V£ 2g Pl^ pi v p 2a + V* 210 pi a p 2 ^ P2v, 
■) = V l22l {bPl} Va I M + K222 {?>P2\ V a I M + K223 5 »c 

^1226 Via, P2fi Vlv + K?27 {Pi Pi P2 }nva + V "22S {Pi P2 P2 } 
= V1I21 {5Pl},lv I a + V" 22 {5p 2 }^ I a + V" 23 S^pia + V" 24 5^p 2a + V^PlaPlfiPlv 

^ / 1126 P2a P2fi P2v + V" 27 {piPlP2}^a + V£ 2S {P1P2P2} fxva- (322) 

We are now ready to summarize the results; tags were introduced to facilitate the search of the various items, 
for instance results related to rank two tensor integrals of the kl group (kl = {11, 12, 22}) in the J family 
(J = E, I, M, G, K and H) are to be searched under the tag V^ u . 

B.l V E (p 2 , P, {m}i 2 34) family 

Results were derived in Section 9.1.1. Referring to Eq.(126), for vector integrals we have 



V H (n\v,a;- 



V 1224 5 ua P2n + ^226 Pia Pin Plv 



V 2 E i + m 2i V 2i(P2,P, {m}i2,0,{TO} 34 ) - C u (p 2 ,pi,0,{m} 34 ) A ([m 2 ,mi}) 



K 2|l,2|l + y l|l,2|2 



V* = 



y2\2,l\l + ^2|1,2|1 + ^1|2,1|2 + ^1|1,2|2 



n— 6 — e 

For tensor integrals (see Section 9.1.2) we introduce a vector U 22 with components 
1 



71— 6 — € 



(323) 



-Vf 2 (2p 12 + h 34 ) + S?(P, {m} 124 ) - S*( P 2, {m} 123 ) 
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+ S?(P,{m} 124 ) - S?( P2 ,{m} 123 ) , 



= -V E (p 2 + mj) - V* (p 12 - - Z 134 ) -2V E p 2 2 -(n-l) V 2 \ 
+ ^(P,{m} 124 ) - ^ 2 E (P,{m} 124 ), 



then one obtains 



1 JJE 



with a generalized function 



G~ U. 



pIv 2 e 21 



■P12V 2 ] 



V E + U E 

y 224 1 ^ 2: 



^11,111 + ^111,112 



n— 6 — e 



(324) 
(325) 
(326) 



For tensors with saturated indices we obtain 



V E (0 \n,n) = -V E (p 2 + m 2 )-2 V E p\ - 2 V E p\ + S£(P, {m} 124 ) 
V E (0\ PuPl ) = -(p 12 y 2 f K 2 f) (p 12 + 1 Z 134 ) + ^pi • P [s o A (P, {m} 124 ) + 5 A (P, {m} 124 ) 



1 

"2^12 



S A (P2,Wl23) + S a A (P2,{m}i23) 



Pt V E (0\ P2 , P2 ) = -Vf 24 (n - 2) D - V E P 2 2 (2D+- p 12 l 13i + p{ 2 ) 

- V E (pj+ml)D- V E [D (p 12 - 1 / 134 ) + P? 2 (P12 + ^ Jim) 
+ i S A (P, {m} 124 ) (D + D 2 + p 2 2 ) - l - S*( P2 , {m} 123 ) D 2 

- \ S?(P, {m} 124 ) (D - D 2 -p\ 2 ) - X - S*{p 2 , {m} 123 ) D 2 , 



,1 



1 



^ E (0 bi,p 2 ) = -(V E P 2 2 + V E Pl2 ) Q l 1M + Pl2 ) + ^ P2 -P Sf(P, {m} 124 ) + S?(P, {m} 124 ) 
1 



T 12i 



- 2 pI 



Furthermore we obtain 
1 



5 A (p2,{m}i23) + 5 a A (p2,{m}i2 3 ) 



V E = 



V 2 m + m 21 y/ 24 (p 2 ,P,{m}i2,0,{m}34) + C 2i (p 2 ,pi,0, {m} 34 ) A ([m 2 ,rai]) 



(327) 



(328) 



Finally, for i < 4 we have 

4 (n - 1) V* t = n V 2 E 2i + n m\ 2 V 2 M 2i (p u P, {m} 12 , 0, {m} 34 , 0) 
+ 2(n<t2m?) ^/ 2i (p 2 , P {m} 12 , 0, {m} 34 ) 

- nA(rai) m? 2 C 2i (2,1, 1 ; p 2 ,pi, 0, {m} 34 ) - C 2i (p 2 , Pl , 0, {m} 34 ) 

- A,(m 2 ) (3n-4)C 2i (p 2 ,Pi,0, {m} 34 ) +nm% 1 C 2i (2, 1,1; P2,Pi,0, {m} 34 ) 
while, for i = 4 it follows that 

4 (n - 1) = « F 2 f 4 - 2 (m? + ro|) V E - V E {Q\n, y)+n m\ 2 V£(pi, P, {m} 12 , 0, {m} 34 , 0) 
+ 2(nm 21 +2 m?) V; J 24 (p 2 , P, {m}i 2 , 0, {m} 34 ) - mf 2 V '(p 2 , P, {m} 12 , 0, {m} 34 

- ni„(mi) C 24 (2, 1, 1 ; p 2 ,f>i,0, {m} 34 ) - C 24 (f> 2 , Pl , 0, {m} 34 ) 

- A (m 2 ) (3n-4)C 24 (p2,Pi,0, {m} 34 ) +nm 2 1! C 24 (2, 1,1; p 2 ,Pi, 0, {m} 34 ) 



(329) 
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- A (mi) 

- A (m 2 ) 



i C o (p 2 ,Pi,0, {m} 34 ) + B (p 1 , {m} 34 ) 
'o(P2,Pi,0, {m} 34 ) + B (p 1 , {m} 34 ) . 



Eq.(330) requires some of the results corresponding to the V family: they are collected in Section B.2. 
B.2 V 1 ( Pl , P, {m} 12345 ) family 

V 2i Results were derived in Section 9.2.1. Introduce a vector U{ with components 

L -/134V? - K E (p l7 P, {m} 1245 ) + C(0, P, {m} 1235 )" , 
-P 2 )^ + K E (0,pi, {m} 1234 ) -K E (0, P, {m} 1235 ) 



(330) 



[/' = - 

2,2 2 



(^154" 



we 



V 1 



obtain the following result: 

(vi) =G ~ lu *> v I (o\ Pl ) = ui :1 , v I (o\ P2 ) = u; ]2 . 

Furthermore we have 

1 777*^ 1 777^ 

^(pi, P, {m} 12345 ) = - — ^ VXpuP, {™}i234 5 ) -ij-f V 2 ' z (pi,P, {m} 12 , 0, {m} 45 ) 

Z 777 2 Z 777 g 

- A([mi,m 2 ]) [C lj (pi,p2,{m} 3 45) - C li (pi,p 2 ,0,{m}45y 

+ <5 i2 Ci 2 (pi,p 2 , {m} 345 ) - C 12 (pi,P2, 0, {m}45) }• 

For rank two tensors (see Section 9.2.2) we introduce a vector U 22 with components 
! f -Zi34 V 2 [ - V 2 E (p u P, {m} 1245 ) + V 2 \ (0, P, {m} 1235 ) 



(331) 



(332) 



22i 



(333) 



[P = - + 

^22 ; 2 v 224 ^ 



We obtain the following result: 



\ (Pl - ip46) ^22 - ^ (0, P {m} 1235 ) . 



'Y™) = G~ 1 U 2 ! 2 . 

V 222 



\ V 222 J 

Introduce a vector W* 2 with components 

Wl 2 ; x = - V 2 ' 24 - \ l 134 V 2 ' 2 - X - V 2 E ( Pl ,P, {m} 1245 ) + 1 y 2 f (0, P, {m} 1235 ) 
' f 'p? - Us) V 21 - t£(0, P, {m} 1235 ) + y 2 f (0,pi, {m}i 234 " . 



(334) 
(335) 



W = - 

* r 22 : 2 



We 



22 ; 2 2 

obtain the following result: 



\ V 223 I 



(336) 
(337) 



Furthermore, we get 

(2 - n) V< 2i - V: ml - V E ( Pl ,P, {m} 1245 ) - \ 

+ V 2 \ (0, P, {m}i 235 ) - V*(0, P, {m}i 235 ) 



1 r K^p35 + ^fbi,P{m} 1245 ) 



(338) 
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For the corresponding tensors with saturated indices we obtain 
V (0 I M , M) = - V ' m 2 3 + V E (p! , P, {m} 1245 ) , 
1 f -b4ft>i2 + ^P?) 



V"(0|pi,Pi) 



V a *(pi,P, {m}i2 45 )pi • P + V£ (0, P, {m}i2 35 )pi2 + V 2 f (0, P, {m} 1235 )p? 
1 



pi V'(0 |p 2 ,p 2 ) = - D 2 l 134 + V 2 ' 2 {Dpi + D l 134 - £> l P45 - D 1 l 13i ) - V* P, {m} 1245 ) (pf 2 + £> 2 ) 

„2 



^ J (0|pi,p 2 ) 



2 

1 



Zl34 (v 2 ip 2 + v/ 2 pi 2 ) 



V 1 

T 12i 



- V a * (pi,P, {m} 1245 )p 2 • P + y 2 f (0, P, {m} 1235 )p^ + y 2 f (0, P, {™}i 235 )pi2 
The form factors corresponding to the 12 and 22 groups are related by 



V£ ( (pi,P,{m}i2346) = ^P^ M (pi,P, {m}i 2345 ) + ^y/ 2l (pi,P,{m}i 2 ,0,{m}45) 



AV 

" K 12i 



2m^ 



A ([mi,m 2 ]) 



V 1 



C 2i (pi,p 2 ,{m} 34 5) - C 2i (pi,p 2 ,0, {m} 4 5) 
and 22 groups are related by 



i= 1---4. 



The form factors corresponding to the 11 

4 (n - 1) m§ V' u ^ml(2nm 2 12 +nml-4m 2 1 ) V 2 ' 2i ( Pl ,P, {™}i 2345 ) 

-ml {n-k)m\-2nm\ V 22i (pi, P, {m}i 2 , 0, {m} 45 ) 

V 2 f ( (pi, P, {m} 12 , 0, {m} 45 , 0) - ^(px, P, {m} 12345 , 0) 



+ n ml m\ 2 



— nml A {m\) 



C, 



{Pi,P2, {m} 345 ) - C 2i (pi,p 2 ,0, {m} 45 ) 
( 3 C 2i (2, l,l;pi,p 2 ,0, {m} 45 ) 



- nm 2 2 A ({m 1 ,m 2 }) 

- C 2l (pi,p 2 ,0, {m} 45 ) + C 2l (pi,p 2 ,{m} 345 ) 
C 2i (pi,P2,{m} 345 ) - C 2i (pi,p 2 ,0, {m} 45 ) , 



+ 



(3n-4) A(m 2 ) 



for i < 4 and 

4 (n - 1) m 2 3 V/ 14 = -m^ ^ J (0|//, P ; pi, P, {m}i 2345 ) - m* 2 V; J (pi, P, {m}i 2 , 0, {m} 45 ) 



^3 ( 2fim i2 + »r 4m i) V 22i (pi,P, {m}i 2345 ) 

(n - 4)mi - 2nm\ V 224 (p!,P, {m} 12 ,0, {m} 45 ) 



— mi 



2 4 

+ n m 3 m 12 



— nml A (mi) 



VZ( Pl ,P, W}i2, 0, {m} 45 , 0) - VZ(p u P, {m} 12345 , 0)" 
C 24 (pi,p 2 , {m} 34 5) - C 24 (pi,p 2 ,0, {m} 45 ) 



- nm\ 2 A a (\m x ,m 2 \) m\ C 24 (2, 1, 1 ; pi,p 2 , 0, {m} 4 5) 

- C 24 (pi,p 2 ,0, {m} 45 ) + C 24 (pi,p 2 , {m} 345 ) 



(339) 



(340) 



(341) 



(342) 
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+ (3n - 4) A Q (m 2 ) C 24 (pi,p 2 , {m} 345 ) - C 24 (pi,P2,0, {to} 45 ) 
H 2 (-A(mi) mi 23 C (pi,p2,{m}345) + rr? 2X C (pi,p2, 0, {i 

771 q ^. 



- A (m 2 ) 



+ 



m 123 Co(P1,P2, {m} 345 ) + mji C o (pi,P2,0, {m} 4 5) 
TO 213 Co(Pl,P2, {m} 345 ) + ^12 C o (pi,p 2 ,0, {m} 45 ) 

^(pi.-P.W 12345) • 



This 



m? 2 -2m2(m?+m2)J V ' (pi, P, {m} 12345) • (343) 
expression requires results from the V M family, presented in Section B.3. 

B.3 V M ( Pl , P,{m} 123 4 5 ) family 

V" Results were derived in Section 9.3.1, in particular the generalized scalar in Eq.(191). Introduce 
vector U2 of components 



2,1 2 

u™ 2 = I 

2:2 r) 



- Oi34 - V < {p u P, {m}i2345) + V: (0, P, {m} 12335 ) 



154 



we obtain the following result: 



P 2 ) + V ' (0,pi, {m}l2334) - V? (0, P {™}l 2335 ) ] ; (344) 



= ^ ^(0 I Pi) - Kffx, ^ M (0 I P 2 ) = 



W 2 ; 2' 



(345) 



We obtain 



. x , m 12 

K2345) + L 



V M 

T 22i 



(pi, P, {m} 12345 ) = V a f (pi, P, {m} 

- ^( Pl ,P,{m} 12 ,0,{m} 45 )] - D 
+ Cii(Pi,P2,{m} 345 ) - C li (pi,p 2 ,0,{m} 4 5) 
For rank two tensors (see Section 9.3.2) we introduce 



V^(>l,P,{m} 12345) 

Cu(2, 1, l,pi,P2, m 3 , {m} 3 45) ™ 3 

(346) 



W 22 ; 1 



17' 



we obtain the following result: 
Introduce a vector W™ with components 



a vector U™ with components 

^134 V™ + V' 2 {p U P, {TO}i234 5 ) - t£(0, P {™}l233 5 ) , 

+ ^ (Pi - ip46) V£ - \ V 2 ' 2 (Q, P {m} 12335 ) ; 



V 1 " \ 

v 223 \ 1 rrM 

yM j *-* ^22 • 



(347) 
(348) 



^2" ! = -V2L - \ [K (Pi, P {m}i234 5 ) - V? 2 (0, P, {m} 12335 ) + Z 134 V£ 

-(pi - U 5 ) v;r + y/ 2 (o, p {to}i2 335 ) - v/ 2 (o,pi, {m} 12334 ) 



W M = -- 

rr 22 : 2 



we obtain the following result: 



(349) 
(350) 
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Furthermore we derive 

(2 - n) VZ = V M m\- 1 - V£ l 134 + \ V 2 M 2 (p 2 - I p45 ) - V '( Pu P, {m} 12345 ) - i ^(pi, P, {m} 12345 p51) 
For tensor integrals with saturated indices we obtain 

V M (0 | /x, M ) - -V M ml + V '( Pl ,P, {m} 123 45) 

1 r 



v \ V M (0 \ PuPl ) = l - [-Z 134 (F 2 f £>i + V£ D 2 ) - V 2 \{ Pl ,P, {m} 1234 5) Di 

- V/ 2 (p 1; P, {to}i 23 4 5 ) D 2 + y/ 2 (0, P, {m}i 2335 ) (Di + D 2 ) , 



y M (ob l7 p 2 ) = l - 



! -V 2 f W? 2 + V 2 M 2 (Dp? - D Us - D 2 Z 134 ) - F 21 (pi, P, {m} 12345 )p? 2 
-y/ 2 (0,P,{m}i 2335 )(2D-D 1 -D 2 ) 



P 1 ^(0|p 2 ,p 2 ) = i 

- y/ 2 (pi, p, {m} i 2345 ) d 2 - y/ 2 (o. 



>i, P, {™}i234 5 ) D 2 - y/ 2 (0, P, {m}i 2335 ) (2 D — Di — D 2 )] , 

^134 (V^ P12 + V^pl) - V 2 [( Pl ,P, {m} 12345 )pi 2 - V/ 2 (p 1; P, {m} 12345 ) P 2 



™ 

12i 



+ y/ 2 (0,P,{m} 12335 )p 2 -P] 
For tensor integrals in the 12 group we obtain 



(352) 



V£ = V 2 Z( P i,P, {m} 12345 ) ^| + ^ [^(pi, P, {to}i 2345 ) 
V/ 2i (p l5 P, {m} 12 , 0, {m} 45 )] + A ^(pi, P, {to} i 2345 ), 
A([toi,to 2 ]) r 

^4 p 2i (pi,p 2 ,{m} 345 ) ~ C 2i (pi,p 2 ,0,{m} 4 5) 

+ m 3 C 2i (2, 1, 1 ; pi,p 2 , {to} 345 ) 



" v 12» 

"""3 



= 1---4. 



(353) 



(354) 



v Hi 



tensor integrals in the 11 group we obtain 
'in = 4 ^ ^ ^4 {( nm i23 -4m?m|)V;^(pi,P,{m}i2 34 5) + V r 2 ^(pi,P,{m}i2,0,{m} 4 5)riTOf 2 
+ ^ 2 -(2m?m^-nmf 2 TO? 23 ) \v 2 ' 2i ( Pl , P, {m} 12 , 0, {m} 45 ) - V/ 2i (p!, P, {m} 12345 )l + AVft }. (355) 

TO 3 L J J 



For 
V M = 



2^if-l) A ([toi,to 2 ]) 



For i < 4 we have 

- «A([mi,m 2 ]) 
+ 2(n-2) A (to 2 ) 



TO 123 

c 2l 



a 



-' 2l (pi,P2, {to} 345 ) - C 2i (pi,p 2 ,0,{to} 45 ) 

(2, 1, 1 ; pi,p 2 , {m} 345 ) + m\ 2 C 2i (2, 1, 1 ; pi,p 2 ,0, {m} 45 ) 
(pi,P2,{to} 345 ) - C 2i (pi,p 2 ,0,{m} 45 ) +m 3 C 2i (2, 1, 1 ; pi,p 2 , {to} 345 )(356) 



2— l|a - 1 A ([mi,m 2 ]) C 24 (pi,p 2 ,{m} 345 ) -C 24 (pi,p 2 ,0,{m} 45 

TOg / L 



■TO 12 



2 C 24 (2, 1, 1 ; pi,p 2 ,0, {m} 45 ' 



- n^ ([TOi,TO 2 ]) to 2 23 C 24 (2, 1, 1 ; pi,p 2 , {to} 345 ) + 
+ 2 (n - 2) A(to 2 ) C 24 (pi,p 2 , {to} 345 ) - C 24 (pi,p 2 ,0, {to} 45 ) + to 2 . C 24 (2, 1, 1 ; pi,p 2 , {to} 345 ) 

- to 2 2 A([toi,to 2 ]) C ( Pl ,p 2 , {to} 345 ) - C (pi,p 2 ,0,{m} 45 ) 
-m§C (2,l,l;pi,p2,{m}346) L 2 *' 2 



TO 123 m 213 

(to 2 ) 



(357) 
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B.4 V°(pi,pi,P, {m}i2345) family 

Results were derived in Section 9.4.1, in particular the generalized scalar in Eq.(199). Introduce a 



vector U G with components 



l!l 2 
C/ G 2 = I 



-hi2 V G + V B ( Pl ,P, {m} 1345 ) - V o "(0,p2, {m} 2345 ) 



(-/245 - 2 Pl2 )V G - V E (- P2 , -P, {m} 532 i) + C(0, -Pi, {m}432l) 



Referring to Eq.(199) we obtain 

1 



V G = — 

11 Pi 



ttG i 2 T rl,l|l,2|2 



n — 6 — e 



1 

Pl2 



Furthermore we find 



K? = -^y G M|1 ' 212 



2 2 

W p 2 



' or 



T/ l,2|l,2|l T/ 2,l|l,2|l 
'G I * G 



1,1|1,2|2 



n—6—e J 



^,211,211 + ^2,111,211 + yUll.212 



n— 6— e 



v G 

22i 



For rank two tensors (see Section 9.4.2) we introduce a vector t/° with components 



1 



= t& (1 - n) - K G (p! + mi) - 2 p 2 1 + - [V G (P 2 - 4p 12 - Jim) 

+ 2 K E (-P2, -P, {™} 5 32l) - C(0, -PI, {™}432l) - Kf (~P2, ~P {m} 53 2l) 



?7 G = 

^22:2 



1 r 



-V G (P 2 - Z 154 ) + K E (-P2, -P, {™} 5 32l) 



- K E (0, -Pi, {m} 43 2i) + (-P2, -P, {m} 532 i) - V* (0, {m} 432 i) 
we obtain the following result: 



F G 

r 221 
r 223 



G 



(358) 



(359) 



(360) 



(361) 



(362) 



piK? 2 



_ye -V G Bio - - 

v 224 v 223-r-L^ 2 



V G (P 2 - iiB4) - K E (0, -Pi, {m} 43 2i) - ^ E (-P2, -P, {m} 5321 ) 



^ = ^ 2 ^ MlM|2 



n— 6 — e 

When indices are saturated we obtain 

V G (0 I M , M) = (Pi + m 2 ) - 2 V G p 2 - 2 F G p 12 + V E (-pa, -P, {m} 5321 ), 
V G (0 | p! , px ) = -K G (p 2 + m 2 ) p\ - V G , {n-l)p\ 

-2V G p\-2 V G D 3 + V E (-p2, -P, {m} 5 32i)p 2 , 
p\ V G (0 |p 2 ,p 2 ) = -F G (p 2 + m 2 )p 2 2 - V G 4 fD + (n - l)p 2 2 



(363) 



2V 2 G P 3 p 12 -^ 



D (P 2 - Iim) + 2p? 2 + K E (-P2, -P, {m} 532 i)p 2 2 



+ V o E (0, -Pi, {m} 432 i) D + Vf 2 (-p 2 , -P, {m} 5321 ) D, 
pia F G (0 |p 1: p 2 ) = -K G (P? + m 2 )p 2 2 - V G 4 [p + (n - l)p 2 2 " 



2y G p 3 p 12 --y G 



D (P 2 - Zi 54 ) + 4p? 2 + K E (-P2, -P, {™} 532 i)p 2 2 



+ \ K E (0, -Pi, {™}432l) D + \ V* (-pa, -P, {m} 5 32l) P. 



(364) 
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Introduce a vector U° with components 



U c 



U G = - 

12;2 2 



1 

2 

l r 



Jii2 + V 2 f (pi,P, {m} 13 4 5 ) - ^!(0,p 2 , {m} 23 4 5 ) 
V G (0 | mm) + K G ™3i + V G ina + 2 V£ (n - 1) 
+ 2y o E (0,p 2 ,{m} 23 45) +S (p 1 ,{m}i 2 )B (p 2 ,{m} 45 ) - V;f(pi,P,{™}i34 5 ) 
we obtain the following result: 



^ 123 



(365) 
(366) 



2 F G 4 (n - 1) - y G (-P 2 + h 45 ) + V° m 2 31 + V G (0\ mm) - V E (-p 2 , -P, {m} 5321 ) 



Introduce a vecror W G with components 

W° = - 

12:1 2 

- C(-P2, -P, {m} 532 i) + V o E (0,p 2 , {m} 2345 ) + fl„(pi, {^}i 2 ) P (p 2 , {m} 45 ) 
VF G . = - 



(P 2 - l 14S ) + V E (-p 2 , -P, {m} 5321 ) - C(0, "Pi, {™}432l) 
- V E (0, -pi, {m} 432 i) + t£ (-p 2 , -P, {to} 53 2i)] ; 
we obtain the following result; 



V G 

Y 121 
v 123 



= G- 1 Wt 



(367) 
(368) 



Furthermore we get 

V G 5 = -— {v G 22 p\ + V G 4 + \ \-V E (- P2 , -P, {m} 532 i) - V E (-p 2 , -P, {m} 532 i) + ^ (P 2 - li4 5 )} }, 



1 /C 

* 1 '■ 



2^1,111,112 



71— 6 — € 



(369) 



For saturated indices we have 



1 



V°(p | M) = \ [V ° m 2 31 + V G (0\ m, M) + C(0,P2, {m} 2345 ) + P (pi, {m}i 2 ) P (p 2 , {m} 45 ) 

^ G (P1 I Pi) = £ ["ill2 (V G P12 + V G M 2 ) + F 2 f (P1,P, {m}l34 5 )pi2 - V E (0,p 2 , {m} 23 4 5 )pi2 

p 2 ^ G (p 2 |p 2 ) = x -V G D 2 ii 12 



- n E (0,p 2 ,{m} 23 4 5 )Pi +^ 2 f(pi,P,{m}i 3 4 5 )p 2 



1 r 



V G D (-P 2 + Z145) + (£> - Di) Z112 
+ V E ( Pl ,P, {m} 13 4 5 ) ^2 - (0,P2, {m} 23 45) ^2 + V E (-p 2 , -P, {m} 532 i) D 

- K B (0,P2, {m} 2345 )p 2 2 + V E ( Pl ,P, {™}i34 5 )p 2 2 + V E (-p 2 , -P, {m} 53 2i) D 

^ G (Pi |P2) = i [-iii2 (V 2 G 2 p 2 2 + V G p 12 ) + V E ( P i,P, {m}i 345 )p| - V 2 E (0,p 2 , {m} 2345 )p 2 

- V E (0,p 2 ,{m} 2345 )p 12 + V 2 E (pi,P,{m}i 3i5 )p 12 

P12 V G ( P2 \Pi) = \ [~hi2 (V G D 2 + V G + 2 V G 2A D (n — 2) — V G D m 2 31 -V G (0\ mm) D 

+ V G D (-P 2 + Z145) + V E {p u P, {m}i 345 ) D 2 - V E (0, P2 , {m} 2345 ) D 2 

+ V E (- P2 , -P, {m} 5321 ) D - V E (0, P2 , {m} 2345 ) (D + £>i) + V 2 f (pi, P {m}i 345 ) A 

+ (-P2, -P, {m} 53 2i) D - P (P1, {m}i 2 ) B (p 2 , {m} 45 ) d] . (370) 
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V°, For form factors belonging to the 11 group we have 



(n - l) P \ = {v G 2 [(n -!)£>!-(«- 2) £>] + V G pf m\ + 



V° np\ l 112 + V* (pi, P, {m} 13 4 5 ) np? + (n - 2) K° pi 2 Jn 2 + K E (0,P2, |m} 2345 );p 2 



- ^if(Pl,-P, {™}l345)Pl2 + ^if(0,_p 2 ,{m} 2345 )p 12 }, 



-2 K? 2 P12 - V° hl2 + V£ (pi, P, {m}l34 5 ) - (0,P2, {m} 2 34 5 ) 

a hi2 (K G P? + v£ P12) - 2 v G 2 d - 2 v G P 2 m 2 + v b (0; p2j {m}2345 ) p 2 

- V' 1 f(pi,P,{m}l345)Pl - (/Jl,P, {m}i34 5 )pi2 + (0,P2,{m} 23 45)pi2 , 
V 1 G 12 = 4Lu 4 Va' Ml ' m (n = 8-e). 
For saturated indices we have 

V G {^ M I 0) = -V G m\ + V o E (0,p 2 , {m} 23 4 5 ), 
V G ( PuPl | 0) = 1 [-/ 112 (F G p 2 + ^fp 12 ) + K E (0,P2, {m} 2345 )p 2 

+ V 1 f(pi,P,{m}i345)P? + ^ 11 3 (Pl,P,{m}i345)Pl2 -^ 1 f(0,p 2 ,{m} 23 45)pi2 
(n - l)pj T/ G (p 2 , P2 1 0) = \ {2 t/ G 2 (n - 2) £ 2 - 2 K G £p 2 m 2 + V G p\ l 112 [d - (n - l)p\ 2 

+ V G Pl2 l 112 [D - (n - 1) (£> + £) 3 )] +K E (0,P2,{™} 2345 )p 2 [i^ + (n-l)p 2 2 
+ (n-l)p 12 (D + Di) [Kf(Pi,^Wi34 5 ) -V;f(0,p 2 ,{m} 2345 ) 

- Kf(pi,P,{m} 134 5)p? [i?-(n-l)p 2 2 ] -£)p 12 [^( Pl ,P,{m} 1345 ) 

- V 1 f(0,P2,{m} 2345 )]}, 

^ G (pi,p 2 1 o) = x - {-/ 112 (F G Pl2 + y G p|) +pi 2 [k"(o,p 2 , {m} 2345 ) 

+ (pi,P,{m} 1345 )] +P 2 [V' (pi,P, {m}i 345 ) - V|f (0,P2, {m} 2345 )] }. 



(371) 



(372) 



B.5 V K (P,pi,P,{m}i23456) family 

Results were derived in Section 9.5.1. Referring to Eq.(226) the vector integrals are 



vK _ P2-P o v l,l|l,2,l|2 



n— 6— e 



2 T/ l,l|l,2,l|2 



n— 6— e 



(373) 



V K 



Introduce a vector U 2 with components 



U K = - 

2;1 2 

U K = - 



«145K K + K G (^, PPu {m}i 23 6 5 ) - ^(P, 0, |m} 12364 
UeC + PPi, {m}i 2365 ) - K G (--P, -P2, M21345) 



we obtain the following result: 



V K 



y- 



(374) 



(375) 
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V K 



22i 



For rank two tensors (see Section 9.5.2) we introduce a vector with components 

• -^(P,P,0,{m}i2364) + ^(P,P,0,{m}i2364)], 



U K = -- 

22:1 2 



V 22 ^145 



[7 /f = - - 

^ 22 ; 2 



., L 2 + V* (P 2 - ii6B) + V °(-P, -P, -pa, {m} 21345 ) 
V G (-P, -P, -pi, {m} 213 45) + K?(P P 0, {m} 12364 ) - V G (P, P, 0, {m} 12364 ) 



wc obtain the following result: 
Introduce a vector W 22 with components 



V 2 

v 1 : 



223 



= G- 1 U«. 



W 22il ■■ 2 



+ 



VK K = - - 

v Y 22 ; 2 2 



+ 



2 Km + ^145 

t£(P, P,pi, {m} 12365 ) - l£(P, P, 0, {m} 12364 ) + t£(P, P, 0, {m} 12364 ) , 

V* (P 2 - l 19B ) + V G (-P, -P, -pa, {m} 23145 ) + V 2 ?(-P -P -P2, {m} 2 i 3 4 5 ) 



we obtain 
and also 



z L 

t£(P, P, 0, {m} 12364 ) - V£(-P, -P -pa, {m} 21345 ) - V^(P, P, 0, {m} 12364 ; 



* 22 



= G- 1 W£, 



! [ 2V K mj-V«lu 5 + V 2 K 2 ( 



V K = 

224 2 (2 - n, 

2V G (PPp 1 ,{m} 12365 )-V 2 G 1 (-P 



-P 2 + ll66) - V G {-P, -P, -P2, {to} 2 134 5 ) 
-P-P2,{m}21345) ~ V°(P, P,Pl, {m} i 236 5 ) 



For saturated indices we get 

V K (0 \n,ii) = -V K m\ + V G (P P, Pl ,{m} 12365 ), 
V K (0\p uPl ) = \ {-l 145 (V 2 K lP 2 + V 2 K 2 p 12 ) - V£(P, P Pl , {m} 12365 )p 2 

+ Pl ■ P [V G (P, P, 0, {TO}i 2 364) + V G (P, P, 0, {TO}l2364)] }, 

1 r r . i 



-V£h4 5P 2 12 + V 2 K 2 



piv K (o\p 2 , P2 ) = - 

- V G (P,p Pl ,{m} 12M ', 



(376) 
(377) 



(378) 
(379) 



(380) 



(htss -P 2 )D- D 2 J 14B ] - V G (-P, -P, -p 2 , {m} 21345 ) D 
) P?2 - K?(P P 0, {m} 12364 ) (2D-D 1 -D 2 



V£(P, P 0, {m} 12364 ) (2 D - Di - D 2 ) - V G (-P, -P, -p 2 , {m} 21345 ) D 



V 



22V ' ! "1 I J liODI / V" "J- -^^7 ' \ 

*(0 Ipi.pa) = ^ {-^145 (V* P12 + t£ ^) - V£(P, Ppi, {m} 12365 
+ p 2 • P [V G (P, P, 0, {to}i 236 4) + V G (P, P, 0, {m}i 236 . 



+ P2 • P [V 

Introduce a vector {/* with components 

K 2 , x = - \ [V* l 145 - V G (P, P, Pl , {m} 12365 ) 



)P12 
■■364) }• 



(381) 



■V' 



(P, P, 0, {to}i 2 364) + V G (P, P, Pl , {m} 12365 ) - KT(P P, 0, {m} 12364 )] , 
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u? 



12 ; 2 



l r 
2 



we 



^ 2 V£ + V* (P 2 - h 65 ) + V G (—P, -P, -p 2 , {m} 21345 ) 
- V G (P, P, 0, {TO}i 2 3 6 4) + VZi-P, -P, - P 2, {™}21345) + V°{P, P, 0, {m} 12364 ) 



obtain the following result: 



V K 
y 125 

F 122 



= G- 1 *7*. 



Introduce a vector with components 

2 V£ + V£ /145 + V£(P, P,pi, {m} 12365 ) 



iy K = 

12 ; 1 o 



rr 12 ; 2 



we obtain 
and also 



9 ^ (P 2 - h 65 ) + V Q G (-P, -P, -pa, {m} 213 4 5 ) - V°(-P, -P, -p 2 , {™} 2 134 5 ) 

- l^(P, P, 0, {m} 12364 ) + (-P, -P, -pa, {m} 21345 ) + V*(P, P, 0, {m} 12364 )] ; 



V* (P 2 - Ji 6B ) - C Z 148 - K G (P, P, Pl , {m} 12365 ) 

> ^(P,P, Pl ,{m} 12365 J 



(2 - n) V£ = 2 [K" ™134 - K2 (P 2 - il6B) - C Zl48 - C(P {m}: 

- K G (-P -P -P2, {™} 2 i 345 ) - V>(- P2 , -P, {m} 23654 ) - V° 

- V°(-P, ~P -P2, W21345) - B (P, {m} 12 ) C (p 1 ,p 2 , {m} 4 
For saturated indices we obtain 

V K {n\») = \ [-V K m\ M + V G {P,P,p u {m} 12 s^) 

+ V„'(-p 2 , -P, {m} 2 3 654 ) + B (P, {m} 12 ) C (p 1 ,p 2 , {m} 456 ) , 

V K ( Pl |pi) = i {-/145 (^fp 2 + pia) + P12 K?(P P,Pl, {™}l2365) 

- Pl • P [v£(P, P, 0, {m}i 2364 ) - V G (P, P, 0, {m} 12364 ) + V^(P, P,Pi, {m} 12365 ) ] }, 

1 r- 



(382) 
(383) 



(384) 
(385) 



(386) 



-pi-p[v°(P,P,0,{m}i23«4)- r„. 

^(p 2 |p 2 ) = ^ {-(P 2 - il66) (V* pia + VZpI) 

-P2-P [V G (~P, -P, -P2, {™} 2 134 5 ) ~ V°(P, P, 0, {TO}l 2 364) + V°(-P, -P, -P2, {to} 2 134 5 ) 

+ V°{P,P,0,{m}i23M)] +K?(--P,-P-P2,{m} 21345 )p 12 }, 

^(Pl |P2) = ^ {-(P 2 - il66) (VZpI + V« Pl2 ) 

- Pi • P [y G (-P, -P, -P2, {™} 2 134 5 ) - V G (P, P, 0, {TO}i 2 364) + V°(-P, -P, ~ P 2, {™} 2 134 5 ) 

^(P,P,0,{m} 12364 )] + V^(-P,-P,-p 2 ,{m} 21345 )p 2 }, 



^(p 2 |pi) = \ {-^145 (^P12 + V*pl) -P2 



p 



v Hi 



V°(P,P,pi,{m}i236B) 

l ^(P,P, PI, {m}l2365)} 

for the 11 group we introduce auxiliary quantities (they only appear in the present subsection) 



+ K 1 f(P,P,0,{m}i2364) - Kr(p,p,0,{TO}i 236 4)] +P 2 



(387) 



4- 1/ l,l|l,3,l|3 



n=8-e 
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to obtain 



;f = -ml C + V '(-P, -P2, {™} 23 64 5 ), 

>2 = \ ~ipl2 V* + ^(pi, P, {m}l3456) + V^-P, -p 2 , {m} 2 364 5 ) + V '(-P, -p 2 , {™}2364 5 ) 
-/p12 V* + ^(Pl.-P. {™}l34 56 ) + -P2. {"^23645 ) + ^("-P. ~P2, {™}2364 5 ) 



«2 



«3 



C, = 2 v£j - + ^ 2 v£ - Kf 3 ^ 2 - < + < + 5 (^ 2 + p 2 - pi), 

(n-l)P 2 ^ 3 = I{ 2 ^i(n-2)(^- P |)-4< + 2<n + 2<n 



' 11A 



^>2 v! ^ * 
^ = -Kf3Pl-^-Kf 2 P2-P + ^- 



B.6 — p 2 ,Pi, — J>2, — Pi, {m}i2345e) family 

V" Results were derived in Section 9.6.1. Referring 



Results were derived in Section 9.6.1. Referring to Eq.(250) we have 

V" =C 2 fyMIM|2,l_ V 2,l|l,l|l,2 



V H =W 2 r^,l|l,2|l,2_^,l|2,l|2,l 



n— 6 — e 



^-5 



Introduce a vector J7 H with components 

\l 2 C-K G (Pl,Pl, -P2, {m} 56 134) + V r G (-P, -P, -P2, {to} 3 425 6 )] , 
^156V; ff + K G (P2,P2, "Pi, {m}21634)-V r G (P2,P2, ~Pl, {m}l254 3 ) , 

K? = 4 (f/f - P12 ), = 4 - P12 O 

P2 Pi 

For rank two tensors (see Section 9.6.2) we introduce a vector U 22 with components 

-P2, -P2,Pl, {m}i2543) + V£(-p 2 , ~P2,Pl, {™}l254 3 ) 

V°(-p 2 , -P2,Pl, {m}i2543) - ^i G (P2,P 2 , ~Pl, W2I634) 
>2,P2, -Pi, W21634) - V°(j)2,P2, -Pi, {m} 2 l634) , 



v 22i 



U H = - - 

22 ; 1 



^ 22 ; 2 



"V£ -K G (-P2,-P2 
(-P2, -P 2 ,P1, {™}l254 3 ; - "22 

^ G (p 2 ,p 2 , -Pi, {m} 2 i 634 ) + 
-1 [2V " + VZl 166 + 2V£(n-l) 

K G (p 2 

v°(-P2, -p 2 ,pi 



+ ^ 2 G (P2,P 2 , "Pi, {™}21634) ~ V 2 G 2 (p 2 ,P2, 

) + K G (P2,P2, -Pi, W21634) 



we obtain 
and also 

piv 2 H 21 



' r Q ' r 21 "10D 1 r 224 V v / 

,P2,-Pl,{m} 2 i 634 ) - K G (P2,P2,-Pl,{™}21634/ , • 
- {to}i254 3 ) + V°(-p2, -P2,P1, {m}i 254 3) 



T/H 3 I — ^ 1 ^22, 



, v 222 



v 223 v 224 



V H = 



2 K G (P2,P2, -Pi, {m} 2 i 634 ) + V 2 f ^156 - ^ G (P2,P2,-Pl,{TO} 2 1634) 

-P2, -P2, Pi, {m} 12543) + (P 2 ,P 2 , -Pi, {™} 2 1634) + ^ 2 G (-P2, -P2,Pl, {™}l254 3 ) 
•1,1|1,1|1,2 ^1,111,112,1 ^2,111,111,1 ^1,211,111,11 

n— 6 — e 
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When indices are saturated we obtain 

V H (0\^fi) = -V" + V G (p 2 ,p 2 , —Pi, {m} 2 1634), 

v H (o \ Pl , Pl ) = l - {; 156 (v 2 ? v \ + v 2 H 2 Pl2 ) + v G ( P2 , P2 , - Pl , {™} 2 i 634 )pi 

- Pl • P [V 1 G 2 (p 2 ,p 2 , -Pl, {™}21634) - V G {p 2 ,p 2 , -pi, {m} 2 1634) 



Pl 

+ V S(~P2, ~P2,Pl, {m}i2543) - V 22 {-p 2 , -p 2 ,Pl, {m}i2543) 
+ P12 V 1 °(p 2 ,p 2 , -pi, {to} 2 1634) ~ V 2 °(p 2 ,p 2 , -pi, {m} 2 l634) 
+ V G (-p 2 , -p 2 ,Pl, {m}i254 3 ) - V G {-p 2 , -p 2 ,Pl, {m}i254 3 ) }, 



V 2 H 1 (-2D + D 1 ) + V 2 H 2 D 2 



p 2 1 V H (0\p 2 , P2 ) = ±{-2V H Dml + l 156l , , l , , , , 

- 2 (n - 2) V 2 H 2i D + V G (p 2 ,p 2 , -pi, {m} 21634 ) D x 
+ (2D-D 1 - D 2 ) V G (p 2 ,p 2 , -f>i,{m} 2 i634) - V G {p 2 ,p 2 ,-pi, {m} 21634 ) 

+ V G {~P2, ~P2,Pi, {m}i 2543 ) - V 2 G 2 {-p 2 , -p 2 ,pi, {m}i 2543 ) 

+ D 2 V G (p 2 ,p 2 , -pi, {m} 2 i 634 ) - V G (p 2 ,p 2 , -pi, {m} 2 i 634 ) 

+ V G (-p 2 , ~P2,pi, {m}i 2543 ) - V G (-p 2 , ~P2,pi, {m}i 2543 )J }, 

V H (0 | Pl , pa) = l - {; 156 (V 2 ? pi 2 + V 2 H 2 p 2 2 ) + V G (p 2 ,p 2 , -pi, {m} 2 i634)pi2 

+ P2 • P \v 22 {p 2 ,p 2 , -pi, {m} 2 i 634 ) - V G (p 2 ,p 2 , -pi, {m} 2 i 634 ) 

~ V G {-p 2 , ~P2,Pl, {m}i 2543 ) + V G (-p 2 , -p 2 ,Pl, {m}i25 43 ) 



+ P 2 2 



V G (p 2 ,p 2 , -pi, {m} 2 i 634 ) - V G (p 2 ,p 2 , -pi, {m} 2 i 634 ) 

~P2, ~P2,Pl, {m}i 2543 )J |. 



v Hi 



+ V G (-p 2 , -p 2 ,pi, {m}i 2543 ) - V G (-p 2 
Introduce a vector J7" with components 



(396) 



u° =- 1 - 

W 11 ; 1 



2 Vf 14 (n - 1) + 2 C mf + V|f /212 



2 ^ 114 V" / 1 ' 1 1 ' 12 

- -p 2 , {m} 56234 ) - V^-P, -P, -p 2 , {m} 34256 ) - y°(-P, -P, -p 2 , {™} 34 256) 



U H = -- 
lli2 2 



Pl,Pl, -P2, {m> 562 34) - V„(-F, -F, -p 2 , {TO) 34256 ) 

+ V G (-P, ~P, ~P2, {m} 342 56) + V G (pi,pi, -p 2 , {m} 56234 ) 

,{TO}56234) + V r °(pi,pi,-P2,{m} 5 6234) 



we obtain 



and also 



-V£ ; 2i2 - V G (pi,pi,- P2 

, {m} 56234 ) + V G (pi,pi, -p 2 , {m} 5 6234) 



(397) 
(398) 



P2^f 2 =2 



«2i 2 - 2 - 2 Kf 4 + K°(--P> ~P2, {m} 34256 ) - K?(--P, ~P2, {m} 34256 ) 
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+ V°(-P, -P, -P2, {m} 3 425 6 ) + V°(j>!,pi, -p 2 , {™} 5 6234) - V°{puPu -p 2 , {m} 5623 4^ 



)] . (399) 



For saturated indices we obtain 

V B (ji,^\ 0) = -C m\ + V G (-P, -P, -p 2 , {m} 3425 6), 

pj V H {p uP i I 0) = \ {2 (2 - n) D Vf 14 -2V H D m\ 

+ hxi [V£ (-2 D + Di) + V£ £> 3 ] + V G (-P, -P, -pa, {m} 342 56) D 1 



+ I212 

+ (2D-Di) 

+ d 3 k?(p 



i "(-2/; + /;,) + ^,', . .„ 

, ^(-P, -P, -pa, {m} 3 4256) - V°{-P, ~P, -pa, {m} 3425 6) 
-P2, {m} 56 2 34 ) - V^i -f>2, {™}56234) 

»l,Pl,-P2,{m} 5 6234) - V r °(pi,pi,-P2,{m} 56 234)] }, 



(2D-D 1 -D 3 ) [t£(p 



V G, (-i , ,--P,-P2.{"»}34266) 



Vb2,P2|0) = i{; 212 (T/>2+CPl2)+P2 L 

V°(-P, -P, -P2, {m} 34 256) + V£(-P, -P, -P2, {m} 34256 

taG/„ „ „ r i \ tag/ _ _ r t 



+ P12 



V°(pi,Pl, ~P2, {m} 56234 ) - V°{pi,pi, -P2, {™}56234)j 

' -Kf(Pl>Pl>-P2,{m} 56 234)]}, 



+ P2 • P [V°(pi,pi, -p 2 , {m} 56234 ) - 

t/ G (-P,-P,-p2,{m} 3425 6) 



V H 

* 1 2i 



H (pi,P2,|0) = i{/212(V^pi2+y i ?p?)+Pl2 L ., , 

V G (-P, -P, -pa, {™}34256) + V 2 °(-P, -P, -pa, {m}34256) 
V°(pi,Pl, -P2, {™}56234) ~ V 2 °(pi,pi, -p 2 , {m} 56234 ) 
+ Pi ■ P V°(pi,p U -P2, {m} 56 2 34 ) - V°{pi,pi, -P2, {™}56234) }• 

Introduce a vector U" 2 with components 



(400) 



U* tl = ~ [2 V£ - Kf il66 + V£(p2,J)2, -Pl, {m} 2 l634) + V£(-p2, -p 2 , Pi , {m}i 2 54 3 ) 

>l,Pl, -P2, {™}56234) ~ Kf(pi,pi, -p 2 , {m} 56234 ) 



1 r 



C/ H = -- 

12;2 2 



-v 2 f/ 212 + y°( Pl 



- V Q G {-P, -P, -pa, {m} 3425 6 



we obtain 



v 121 

v 123 , 



= G- 1 U? 3 , 



(401) 
(402) 



and also 

BC^f 2 ^ Pl - P12 ^156 + V£ pj kl2 

•>.\ttC!/t% t-. rT \ , T « / 



+ Pl [V G (-P, ~P, -P2, {m} 34256 ) + K 2 ?(-P, -P, -P2, {m} 3425 6) - ^(pi,pi, -P2, {™} 5 6234) 

V G (p 2 ,P2, -Pi, {m} 2 i 634 ) - V G (p2,P2, -Pi, {m} 2 i 634 ) - V G (p 2 ,P2, -Pi, {m} 21634 ) 



+ P12 



K°(-P2, -P2,Pl, Wl2543) - V G (-p 2 , ~P2,Pl, {™}l2543) } 
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V" = — 
2 



V, 



1 , 1 | 1 , X | 1 ,2 



V, 



1,1|1,1|2,1 



n—Q—e 



(403) 



For tensors with saturated indices we have 

V"(j* | M ) = \ [2 Kf 4 (n - 2) + Ki «i56 + K2 '212 

- V°(pi,pi, -p 2 , {m} 5 6234) - V 1 G 2 (p 2 ,P2, ~Pl, {™}21634) - V G (-p 2 , ~P2,Pl, {™}l2543) 
+ V°{-P, -P, -Pi, {m} 3 4256) + V a °(-P, -P, ~P2, {m} 34 256)l ' 



V H (P1 I Pi) = - [/l66 (V"pl + V" P12) +P12 [V°(j>2,P2, -Pi, {m} 2 i 6 34) 
+ V G (p 2 ,P2, -Pi, {m} 2 l634) + V°{-p 2 , ~P2,Pl, {m}i254 3 ) 



Pi p 



V 1 G (P2,P2, -Pi, {™}21634) + V 1 °(-P2, -p2,Pl, {™}l2543) }, 



Pi V H ( P 2 I pa) = g [hsa (K?P?2 + ^2) + V£ £> Z212 + D [V G (-P, -P, -p 2 , {m} 34256 ) 

+ V°{-P, -P, -P2, {m} 342 56) - V G (pi,pi, -p 2 , {m} 562 34) 



-(Pi 
+ r>2 



Do 



V G {P2,P2, -Pi, {™}21634) + V G (-p 2 , ~P2,Pl, {m}i 2 543) 



V G (p 2 ,P2, -Pi, {m} 2 i63 4 ) + V G (-p 2 , ~P2,Pl, {m}i2543) 



+ 



V G (p 2 ,P2, -Pi, {m} 2 i 634 )J |, 



V H ( Pl |p 2 ) - V H (p 2 |pi) - - [l 15e (V»p 12 + V»pl) +p 2 2 ^(P2,p 2 ,-Pi,{m} 21634 ) 
+ K G (P2,P2, -Pi, {m} 2 i 634 ) + V G (-p2, ~P2,Pi, {m}i 2543 ) 



-P2-P 



V G (p 2 ,P2, -Pi, {m} 2 1634) + V G (-p 2 , -P2,P1, W12543)] }• 



(404) 



B.7 Further reduction of rank two integrals 

In this Section we collect all combinations of vector form factors that can be further reduced without 
occurrence of inverse powers of Gram determinants. For each combination we list the equation where the 
r.h.s. can be found. 



p\Vl +P12V*, 

piv^+puV^, 

Piv^+puv™, 

piv G +p 12 v G , 

p 1 -PV«+P2-PV«, 

PuVZ+plV", 



Pl2^ 21 +p|V/ 2 , 

Pl2V G +p\V G , 
Pl -PV«+P2-PV 2 K 2 , 

piv 2 H 1 + Pl2 v 2 H 2 , 



piV^+puV* 



Eq.(134), 
Eq.(160), 
Eq.(179), 
Eq.(201), 
Eq.(228), 
Eq.(254). 



Once again we stress that form factors are introduced with respect to a certain basis of vectors which is 
fully specified by the corresponding list of arguments; therefore, form factors appearing in the reduction of 
other form factors should be interpreted in the appropriate way. We have collected in Tab. 2 the bases for 
expansion of tensor integrals occurring in the reduction procedure. A typical example is 



V G {n I 0;pi,pi, -p 2 , ■ • •) = V°(pi,pi, -p 2 , ■ ■ Opim - VSipi,Pi, -P2, • • •) Pfj,, 
V G (fi I 0; -P, -P, -p 2 , ■■■) = -V G (-P, -P, - P 2, ■■■)P„ + V G (-P, -P, - P 2, ■ ■ -)pi„. 



(405) 



When reducing recursively all symbols must be interpreted as referred to the appropriated basis, i.e. 
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Family 


argument 


Pfirst 


^second 


E 


P2, P 


Pl 


P2 


E 


Pi , P 


P2 


Pl 


E 


0, P 


P 





E 


0, Pi 


Pl 





E 


0,P2 


P2 







~P2 , -P 


~Pl 


-P2 




U, -pi 


-Pl 


A 

u 


I 


Pl, P 


Pl 


P2 


I 


P2, P 


P2 


Pl 


I 


0,Pi 





Pl 


I 


0, P 





P 


I 


~P2 , -P 


-P2 


-Pl 


T 
1 


~P , ~P2 


-P2 


-Pl 


T 
1 


^ A 

Pi j o 


Pl 


-Pl 


G 


Pi , Pi , P 


Pl 


P2 


G 


P, P,Pi 


P 


~P2 


G 


-P, -P,- P 2 


-P 


Pl 


G 


P, p, o 


P 


-P 


G 


Pl , Pl , -P2 


Pl 


-P 


G 


P2 , P2 , -Pl 


P2 


-P 


G 


-P2 , -P2 , Pl 


~P2 


P 



Table 2: The basis perst , Psecond for expanding form factors occurring in the reduction of tensor integrals corresponding 
to diagrams with a larger number of propagators. First entry is always the defyining representation. An example is 
given in Eq.(405). 



D = Pfirst Psccond ~ (Pfirst " Psccond) 2 , etc, (406) 

(see Eq.(9)) where, at the first level of reduction, we always have pfi rst = pi and p SO cond = P2- 

B.8 Reduction for rank three tensors 

For rank three tensors the number of form factors and of contractions (tensors with saturated indices) 
increases considerably and it is not convenient to write down all cases explicitly; we prefer to adopt a different 
way of collecting the results. The reduction technique is based on two algorithms which we illustrate in the 
case of the V M family 

Al. Contraction of tensor integrals with and decomposition of tensors of lower rank 

f J" f ,n ggjf <l2v 12a 

J qi J Q2 [1][2] M [3] M [4] M [5] M [6] M 

/m / m ?2a 2 m / m 12a 

9l i 92 [1][2] M [4] M [5] M [6] M ~ m3 J qi J q2 [1][2] M [3] M [4] M [5] M [6] M 

Pi a = <™P™- (407) 



— V W< 

^ 4 = 1,2 



i=l,2 
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A2. Contraction of tensor integrals with with or p% (or P M ) and decomposition of tensors of lower rank: 
for instance we obtain 



V M (0 \pi,v, a) = v™ 23 p lv p la + v 222i p 2lJ p 2a + v 2225 {pip 2 }v a + v 2226 5 ua . (408) 

The vf originate from the decomposition of a rank two tensor after using Eq.(173) and writing 

2 q 2 ■ Pi = [4] M - [3] M - p\ + m\ - ml (409) 

and after shifting the loop momenta in order to recover the standard form of diagrams with fewer propagators. 
Therefore we have 

V 2224 "l ' * 2223 "12 "T ^ * 2221 2223' *2224 "l ' V 2226 P 12 ^2224' 

^23-Pl + K" 24 Pl2 + ^"22 = l^ 25 , K" 2 lPl + K" 22 Pl2 = ^26' ( 410 ) 

The choice of contractions is limited by the request that the resulting scalar products be reducible. In 
each case one obtains a system of equations for the rank three form factors to be solved in terms of lower 
rank form factors and of generalized scalars. Decompositions of vector integrals are defined in Eq.(118), 
Eq.(153), Eq.(174), Eq.(195), Eq.(223) and Eq.(252). Decompositions for rank two tensor integrals are 
defined in Eq.(138), for V E , in Eq.(161) for V, in Eq.(180) for V M , in Eq.(205), Eq.(210), Eq.(216) for V°, 
in Eq.(232), Eq.(238), Eq.(243) for V K and in Eq.(256), Eq.(260), Eq.(265) for V H . 

B.8.1 Contractions of rank three tensor integrals 

In this Section we collect the results for all contractions of rank three tensors (with a Kronecker delta 
functions or with an external momentum) that give rise to reducible scalar products. These definitions will 
be used in Sects. B.8.3 - B.8.5 to construct tensors with three saturated indices and to build systems of 
equations that can be solved for the corresponding form factors. First we define the relevant contractions, 
once again those that are leading to reducible scalar products in the numerators: 

• M family 

V M (0 | fj,, u,, v) = v 2221 p lv + v 2222 p 2l/ , 

V M {0 \P1,H, V) = V™ 22z P Xji Pl v + V™ 2i p 2li p 2 v + <225 {VlVl\^ + <226 <W 

V M (0 \p 2 ,(J,,v) = v 2221 p Xli p\ v + vf 22S p 2ll p 2v + v 2229 {pip 2 }t>v + v 222W 5^, 
V M {v | (j,, fi) = v™ 21 p lv + v™ 222 p 2v , 

V M {p,\pi, v) = v™ 23 p ltl p lv + v™ 22l p 2lx p 2v + < 225 {pip 2 }^ + < 226 6^, 

V"(P I P2, V) = vf^px^pxv + V 1 M 22s p 2)J ,P2v, + V™ 29 {Pip 2 }^ v + V* 

2210 

V M (n \n.,v) = v™ 2211 pi„ + < 2212 p 2v , 
V M (fi,fi\ v) = < 21 pi„ + v™ 22 p 2vi 

V M (n, v\pi) = v^pi^piv + v^ 2i p 2jx p 2v + < 25 {pip 2 }^ + v™ 26 S^v, 
V M (p, v\p 2 ) = v^pi^piv + vf l2g p 2ll p 2u + < 29 {pip 2 }^ + < 210 5^, 
V M (u., v\n) = < 211 pi v + < 212 p 2v . 

V M (u.,»,v\0) =< 11 pi, + < 12 p 2 „ (411) 

• K family 
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V K (0 I V, V, fl) = < 221 p llt + < 222 P2/1, 

V K (0 \pi,/JL,l/)= V^P^Plv + V* 2i P2»P2v + < 225 {Plpfipv + < 226 5^, 
V K {0 \P 2 ,^,V)= V^P^Plv + V* 2s P2pP2v + <229 {PlPl}^ + <2210 <W > 

y /f (^, ^, /X I 0) = V* 11 p 1 , 1 + V* 12 P2 li , 

V K (P,/J I , V\0) = V* 13 p lfl p lly + V* 14 P2 li P2v + <ii5 {Plf> 2 }/^ + V* le <V, 

l/l/i) = < 121 P1 M + < 122 p 2i u, 

(P, /X | I/) = Uf 123 p lly + < 124 p 2 ^ P2u + < 125 p lfl p 2 u + < 126 p lv p 2 ^ + < 127 , 
V K (p, V = -yf^sPi^Pi,, + W^ 29 P2 A .P2 1 / + <i 2 io {PlP2} MI > + < 1211 V' 

^^(Ai, ^ I P2 ) = <i212-PlMPlf + ^1213^^21/ + < 1214 {PlP2}^ + <1215 <W ' 

y /f 0, = < 1216 pi M + < 1217 P2 M , 

y /f (/i 1 1/, i/) = < 221 pi M + < 222 p 2AI , 

y K (P \p,v) = v* 223 p llx p lv + vf 22i p 2 ^p 2v + v* 225 {pip 2 }^ + v* 26 6^, 

V K {n I v,p x ) = v* 227 p llx p lv + v* 28 p 2fl p2v + vf 22a pi ll p 2v + v* 210 p lv p 2lJ , + v* 211 S^, 

V K (fJ. | V,P2) = V* 212 p lfl p lly + V* 213 P2nP2 v + V* 214 PlnP 2v + V* 215 p lu p2 fJ , + V* 2216 6^, 

V K (iy\iy,fi) = v^ 2217 p 1 ^ + v^ 221s p2^. (412) 



• H family 



V H (0 | v, u, p) = v 2221 pi,, + v 2222 p 2 ^, 

V H (0 \P1,H, V) = V^Pl^p-iv + V 2 H 22i p 2t iP2u + W 2 H 225 {PlP2}n» + <226 <W' 

V H (v, v,p\0) = pi M + < 112 p 2M , 

V H (p 2 ,H, V\0)= V" 113 p ltl p lv + v" lu p 2lJ .P2v + < 115 {PlPl}^ + < 116 Sp,,, 

V"{v, V\p)= < 121 Pi,, + < 122 P2 M , 
V" {P2, 11 \V) = < 123 p lfl Pl v + < 124 P2p. P2v + < 125 pi M p 2 „ + < 26 Pl^ P2 M + < 127 <5, 

^ I Pi) = < 128 PlM-Pl^ + <12 9 P2 M P2 I , + < 12 10 {PlP2}^ + < 12 11 V' 



V H (/i | Z/) = < 221 p lfJ , + v" 222 p 2fM 
V"{P2 \H,V)= V^ 223 P!^p lv + V? 22iP 2 t ,P2v + < 225 {P1P2}^ + <226 V' 

^"(M I ^Pl) = v" 227 Plfj,Pl u + V? 22sP2t ,P2u + V? 229 Plfj,P2v + Vf 22w p lv p2n + < 2211 V- ( 413 ) 

B.8.2 Evaluation of contracted rank three tensor integrals 

Successively all contractions of Eqs.(411)-(413) are expressed as linear combinations of form factors of lower 
rank. These relations can be used as they stand or we can insert, recursively, results for rank two and rank 
one form factors (listed in Sects. B.l - B.6) until one reaches a result which is written in terms of scalar 
integrals only. 

• M family Eq.(411) 

<L = -ml V™ + V 2 \ (p! , P, {m} 12345 ) , i = 1 , 2 
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u 222 i+2 



v M =- 



^2227 



V 



V. 



22210 



v M 

w 112 i + 2 



v: 



J 122 i + 2 



V 



V 



V 



v 



v 



122 i+10 



-V/ 22 (0,P,{m} 12 33 5 ; 



-/l34^-V/ M (pi,P,{m}i2346) 
-il34 V£ ~ V 2 ' 24 ( Pl ,P, {TO}i 2 345) + V/ 24 (0, P, {to}i 23 3 5 ) 



'.= !•■ -3, 



, M = - 

222 i+e 2 

M = 1 



(il34 - «P35) V£ - V 2 ' 22 (0, P, {m}l2335) + V/ 21 (pi, 0, {m} 12343 ) + V/ 22 (pi,0, {m}l2343) 
- 2V r 4(pi,P,{m}i2343)], 

1 ^134 - l P35 ) V£ - V 2 ' 22 (0, P, {m}l2335)] , * = 2, 3, 



(il34 - lp 35 ) VZ + y/ 24 ( P l, 0, {m} 12343 ) - V/ 24 (0, P, {m}i2335) 



V 



M 
llli 



= -m? - A (m 2 ) C 14 (2, 1, 1 ; Pl ,p 2 , {m} 345 ), * = 1,2, 



(414) 
(415) 



£ M = -m? - 4,(m 2 ) C 14 (2, 1, 1 ; Pl ,p 2 , {m} 345 ), 

- ^ [~il34 V£ - ^(pi, P, {m}l2345) + V ± \M P, {™}l2335)] , i = 1 • ■ ■ 3, 



= 1,2, 



2 

1126 2 

,M = I 

1127 2 



-/134 C ~ P, {™}l234 5 ) + ^ 114 (0, P, {m}l2335)] , 

(Zl34 - Ip35) VZ - y/ 12 (0, P, {m}l233 5 ) + 0, {m}i 2343 ) + Ki2(Pl,0, {™}l234 3 ) 



^112 i+6 2 

« M = 1 

^11210 2 

112 i+10 2 



- 2V 1 I 11 (pi,0,{m}i2343 /J 

' f (/l34 ~ l P35 ) V£ - y il2 (0, P, {m}l2335)] , » = 2, 3, 

- «p 35 ) VZ - y/ 14 (0, P, {m} 12335 ) + y il4 (pi, 0, {m} 12343 



= 2 [( J i34 - kas) - KM P, {m}i23 35 ) + V^iPi, 0, {m} 12343 )j , 
= ^ [- m ?2 3 + K'«(Pi. p > W12345) - A (m 2 ) C u {2, 1, 1 ; pi,p 2 , {m} 345 ) 



= 1,2, (416) 



= -m§y i f + y i I i (pi,P,{m}i2346), 



z = 1,2, 



1 

2 
1 

-226 2 

= I 

1227 2 



: = 1---3, 



-Jl34 - V^iPl, P, {™}l234 5 ) + ^22(0, P, {™}l2335) j 
-/134 K24 - V? M (P1, P, {™}l234 5 ) + ^24(0, P, {™}l233 5 ) 

- v/ 22 (o, p, {m}i 2335 ) + y/ 21 (-pi, 0, {m}i 2343 ) + y/ 22 (pi, 0, {to}i 2343 ) 



(hs4 - l p35 ) V 121 - V' 22 
- 2V 123 (pi,0,{to}i 2343 



1 r 

122 i+e 2 



,M = _ 

12210 2 



(ii34 - Ip35) V£ - F/ 22 (0, P, {m} 12335 )] , z = 2, 3, 

(il34 - ^35) V£ + V^ipuO, {m}i 23 4 3 ) - V; M (0, P, {m}l2335) 

V 2i (pi,P, {m}i234 5 ) + A)([mi,m 2 ]) C„(2, 1, 1 ; pi,p 2 , {m} 3 45' 



m\ 23 V 2 \ 



, z = l,2(417) 



Furthermore we define 

^,=36o; 6 ^ 12 ' 4 ' 114 

= 12c 6 ^ 12 ' 2 ' 314 



u 1113 
u 1115 



%=10-e 
i=10-e' 



M 
7 1114 

M 

1116 



n=10-e 
n=10-£ 



(418) 
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• K family Eq.(412) 
< 21 = ~V£ ml + V G (P, P,pi, {m} 1236 5), 

< 22 = -^22 ™1 + K G (P {m}i238B) - V G (P, P,pi, {m} 12365 ) 

^2223 2 



-v; 21 Zi45 - 



»l V J j 1 it'll X"'.! 12365./ ~ "22 K 1 >.fl! l'"/ 12365^ 
- V G 21 {P, P,pi, {m}l2366) + ^(P P, 0, {TO}l2364) 



W K = - 

''2224 



Z L 

+ F 2 G (P, P, 0, {m} 1236 4) - 2 V G 3 (P, P 0, {m} 1236 4)] , 

= \ [-V 2 K 22 h i5 - V G 21 {P, P,p u {m} 12365 ) + V 2 G (P P, 0, {to}i 236 4) 
- V 2 G (P, P, Pl , {m} 12365 ) + V G 2 (P, P, 0, {m}i 2364 ) + 2 F G 3 (P, P, Pl , {m} 12365 ) 
-2V 2 G 3 (pP,0,{m} 12364 )j, 



v = 

u 2225 



+ 



— V* lu5 - V 2 



rG 21 {P, P, P1 , {m}i 2365 ) + V 2 G (P, P, 0, {to}i 2364 ) 



v K = - 

2226 2 



2227 2 

+ V G ( 



^2228 2 



Z L ' v J 

V G 2 (P, P, 0, {m}i 2364 ) + V G 3 (P, P,p u {m} 12365 ) - 2 y G 3 (P, P, 0, {m}i 2364 ) 

! [-y-4? 14 5-v; G 4 (p,p,p 1 ,{TO} 1236 5) + ^ 4 (P,p,o,{m} 1236 4) , 

' £ (Zi66 - P 2 ) - V G 21 (P, P, 0, {m} 12364 ) 

-P, -P, -pa, {™}2134 5 ) - ^ 2 (P, P, 0, {m}i 2364 ) + V G 2 (-P, -P, -pa, {™}2134 5 ) 

3 (P, P, 0, {m}i 2364 ) - 2 F G 3 (-P, -P, -pa, {m} 21345 ) + 2 V G (-P, -P, -p 2 , {m} 2 i 345 ) 

(-■P, ~P -P2, {™}2134 5 ) + ^(-P, -P. -P2, M21345)] , 

£2 (ii6B - P 2 ) - ^(P P, 0, {m}i 2364 ) 

-P, -P, -p 2 , {m} 2 i 345 ) - V G 22 (P, P, 0, {m} 12364 ) + 2 ^ 3 (P, P, 0, {m} 12364 ) 

f_P_P_^„ / m L,„,-1 J- P _ P _r.„ Jm\„ ^ 



^ *22lV 



w K = - 

^2229 



+ 2V G (-P, -P, -p 2 , {m} 21345 ) + V G (-P, -P, -p 2 , {m} 21345 ) 

" , ,0,{m}i2384) + V r ° 1 (-P,-P,-p 2 ,{m} 2 1346) 



= 2 [^3 ^ 165 ~ ^ ~ F 22i(P P u > i™j-12364j + ^A-P 

- F 2 G (P P, 0, {m}i 2364 ) + 2 V G 3 (P, P, 0, {m} 12364 ) - V G 3 (-P, -P, -p 2 , {m} 2 i 345 ) 
+ 2V G (-P, -P, -p 2 , {m} 2 i 345 ) - V G (-P, -P, -p 2 , {m} 21345 ) + TC(-P -P -P2, {m} 21345 ) 



L/ 22210 2 



1^224 (il6B - P 2 ) - ^224 (P P 0, {™}l2364) + V 2 G 2i (-P, -P, -pa, {m} 2 l 345 )] , 

<m = -V* ml - V/ 2 (-p 2 , -P {m} 23654 ) - V 7 (-p 2 , -P, {m} 23654 ), 
<H2 = -V12 ml - V 1 [(-p 2 , -P, {m} 23654 ) - V '(-p 2 , -P, {™} 236 5 4 ), 

<H3 = 2 -Kfi ^12 + P {m}i 3456 ) - V 1 ' 12 (-p 2 , -P, {m} 2365 4) 

- 2 V' 2 {-P2, -P {m} 2365 4) - K 1 (-P2, -P {™} 236 54; 



(419) 



„ K = - 

2 



^ =- 

1115 2 



|_-^if 2 ^12 - V'n(-P2, ~P, {™} 23 654) + V' 12 {pi,P, {m}i 3456 ) 

- 2 V 1 ' 1 (-p 2 , -P {m} 23654 ) - V '(-p 2 , -P, {m} 23654 ) , 
f -y i f 3 ipi2 + F 113 (pi, P, {m}i 3456 ) - y/ 13 (-p 2 , -P, {m} 23654 ) 

- ^i J i(--P2, -P {m} 236 54) - V' 2 (-p 2 , -P, {m} 236 54) - V ' (-p 2 , -P, {m} 23654 ) 
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-V* 4 l P i2 + Vl u {pi,P, {m}i3 456 ) - V' lA {-p 2 , ~P, {™}23654) 



v K = -V K m 

^1121 y 21 "'j. -i - 

'f 122 = -^m?-V/ 1 (-p 2 



1 

^1123 2 



''1 - V; J 2 (-p 2 , ~P, {m} 23 654) - V„'(-p 2 , ~P, {m} 23654 ), 
l i - V 2i(-P2, ~P, {m} 23 654) - V '(-p 2 , -P, {m} 2365 4), 

V i2i(Pl, P , {™}l3456) - V 1 ' 22 (-p 2 , ~P, {m} 23 654) 



~V 121 l P \2 + 



v K = - 

1124 2 



v K = - 

u 1125 2 



- ^2(-P2, ~P, {m} 2 3 654 ) - V 1 ' 2 (-p 2 , ~P, {m} 236 5 4 ) - V '(-p 2 , ~P, {™} 23 654) 

[ -V* 2 l P i2 - V 1 ' 21 (-p 2 , ~P, {m} 2 3 654 ) + y/ 22 (pi, P, {m}l3456) 

123654) - V 1 ' 1 (-p 2 , ~P, {m} 23654 ) - V '(-p 2 , -P, {™} 2 3654) 
s r i /„ 7-) r t a jri ( 7-> r t \ 



-V^(-p2,-P,{m} 



-V* 3 lpi2 + 



V i2 3 (Pl> P > {™}l3456) - V 1 ' 25 (-p 2 , ~P, {™} 2 3654) 



- ^i(-P2, ~P, {m} 23654 ) - V 1 ' 2 (-p 2 , ~P, {m} 23654 ) - V '(-p 2 , ~P, {™} 2 3654) 



^7 7 L J ^uj'i; '12V i - " 7 L J ^ouj'i/ ' \ ^ ^ " 

' ' 26 = \ ~Vi25 l Pl2 - ^i2 3 (-P2, --P, {m} 236 54) + V 125 (pi, P {m}l3456) 

- Vj 2 (-p2, -P, {m} 23654 ) - V/^-^, --P, {m} 23654 ) - V '(-p 2 , -P, {m} 23654 ) , 



= 

1127 2 



= 

^1128 



' [-V^lpu + V^iPi 

1 



v K = - 

"11210 2 



^11211 



v K = - 

^11212 2 



lmCPI) P {™}l3456) - V 1 ' 24 (-p2, ~P, {m} 2 3654) 
V*i *1« - V;° (P, P,Pl, {m}l2365) + V^(P, P, 0, {to}i 2364 ) 

+ V° 2 (P, P, 0, {m} 1236 4) - 2 V° 8 (P, P, 0, {m}i 2364 ) , 

= \ [~V« a lu 5 - V° X {P, P,pi, {m}l2365) + K^P P, 0, {to}i 2364 ) 

- V° a (P, P,pi, {m} 1236 5) + K°(P, P, 0, {m}i 2364 ) + 2 V° s (P, P, Pl , {m}i 2365 ) 

-2^ 3 (P,P,0,{m} 12364 )], 

-C 3 l 145 - K°(P, P,pi, {m} 1236 5) + V^(P, P, 0, {m} 12364 ) 

(P, P, 0, {m} 1236 4) + V^P, P,Pi, {m}i2366) - 2 V° 8 (P, P, 0, {m} 12364 ) 

-Vft /i 45 - V^(P, P,pi, {m} 1236 5) + K^P P 0, {m}i 236 4)] , 

(*165 - P 2 ) - V° X {P, P, 0, {m} 12364 ) + V° x {-P, -P, -p 2 , {™} 2 1 345 ) 



1 



+ V 

' " 112 

1 r 



-KT 2 (P 



1 Vies 1 7 1 1 1 V ) ) ? l_ J123t> 4 / 1 1 1 V J J 1 ; ^2) \""/2134&; 

P 0, {m}l 236 4) + K°(-P, -P, -pa, {™} 2 134 5 ) + 2 V° a (P, P, 0, {m}i2364) 

-P -P, -pa, {m} 21345 ) + 2 V£(-P, -P, -pa, {to} 2 134 5 ) - 2 K?(-P -P -P2, 

'"(-P-P-P2,{™}21345) , 



(420) 



{m} 2 i 3 45) 



v K = - 

l/ 11213 2 



L Kf a (ii66 - P 2 ) - ^(P P 0, {m} 12364 ) + ^°(-P, -P, -pa, {m} 2 1345) 

- y° 2 (P, P, 0, {m} 12364 ) + 2 ^ 3 (P, P, 0, {m} 12364 ) + 2 V°(-P, -P, -p 2 , {m} 21345 ) 
+ K g (-P,-P-P 2 ,{to} 21345 )], 

- \ [VZ, {hes - P 2 ) - V^(P, P, 0, {m} 12364 ) + V^-P, -P, -pa, {m} 2 i 345 ) 

- V° a (P, P, 0, {m}i 2364 ) + 2 ^ 3 (P, P, 0, {m} 12364 ) - V^-P, -P, -p 2 , {W21345) 



= - 

^11214 
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V 



11215 2 



v K = - 

11216 



■°(-P, -P, -p 2 , {m} 21345 ) - V°{-P, -P, -pa, {m} 21345 ) + V°(-P, -P, -p 2 , {m} 2 i345)] , 
{lies - P 2 ) - V° A {P, P, 0, {m} 12364 ) + V^i-P, -P, - P 2, {m} 2134i xl 

-C ™?34 + {m}l2365) - V£(-P2, -P, {m} 23654 ) 



11216 2 

+ B 1 (P,{ 



1 r 

u 





-C ™? 34 + ^Pi, {mimes) - V£(-P2, -P, {m 

\(P, {m}i 2 ) C {p 1 ,p 2 , {m} 4 5e) - K'(-P2, -P, {m} 23654 ) 
™?34 + ^(P P,Pi, {m} 1236 5) - (P, P,pi,{m} 



^?34 + ^i?(P P,P1, {m}l2365) - (P, P,pi, {m} 123 65, 

- V 1 [(-p 2 , -P, {m} 23654 ) + Pi(P, {m}i 2 ) C (pi,p 2 , {m} 45 6) - V '(-p 2 , -P, {m} 23654 ) , 
C = -^f ™4 + ^?(P, P,pi, {m} 12365 ), 

<222 = ™4 + ^.Pl, {™}l236 5 ) - Ml236 5 ), 

1 r 

^pi 2 + V 2 ' 21 (pi,P, {m}i3456) - V 2 I 22 {-p 2 , -P, {m} 23654 ) 



= - 

^1223 2 



v K = - 

^1224 2 



2 L '221 "^1^ 1 ' 221 V^l ? - 1 ? L" "J 10-4:00/ * 222 V f ^1 

- 2 V 2 ' 2 {-p 2 , -P, {m} 2 3654) - V ( l(-p 2 , -P, {m} 23 654) J . 

1 r 

Z P 12 - V 2 ' 21 (-p 2 , -P, {m} 23 654) + V^ 2 {p!, P, {m}l 3 456) 



v K = - 

1226 2 



- 2 V 21 (-P2, -P, {m}23654) - ^(-^2, ~P, {m} 23654 

'f 225 = \ ~ V 22 S l Pi2 + V 223 (pi,P, {m}i 3456 ) - V 2 ' 23 (-p 2 , -P, {m} 23654 ) 

- V 2 \(-P2, -P, {m} 23654 ) - V 2 ' 2 (-p 2 , -P, {m} 23654 ) - V '(-p 2 , -P, {m} 23 654) 
f -K,2 4 /pi2 + V; I 24 (pi,P, {m}i 3456 )-V; J 24 (-p 2 ,-P, {m} 23654 ) , 

-V X K 21 l U5 - V^P, P,pi, {m} 1236 5) + ^(P, P, 0, {™}i 2364 ) 
V° 2 (P, P, 0, {m} 123 64) - V&ft P, 0, {m} 12364 ) - V&iP, P, 0, {m} 12364 ) 



u K = - 

^1227 



+ 



v K = - 

^1228 



2V 1 1^1 L"" J 1^004/ r 123V J 5 w 7 L''"J 1^004/ v 125 V 5 7 W 1 I J 

, -K?2 ^145 - K° (P, P, Pi , {m} 1236 5) + K21 (P P 0, {™}l2364) 

- y° 2 (P, P,Pi, {m} 12365 ) + ^ 2 (P, P, 0, {m} 12364 ) + V£ (P, P,pi, {n 

- V G (P P 

" 123 V- 1 1 - 1 ' 



w K = - 

^1229 2 



^12210 2 



(421) 



-12211 



^12212 



ji^dooy 1 K i2iV^ ) ■* ' w ' (.""J J-z*jo4/ 

{mimes) + V^(P, P, 0, {to}i 236 4) + V^(P, P, Pl , {m} 12365 ) 
' 0, {m} 12364 ) + K? 5 (P, P,Pi, {m} 12365 ) - (P, P, 0, {m}i 2364 )] , 

h i5 - V&iP, P,pi, {m} 12365 ) + ^(P, P, 0, {to} 12364 ) 
y° 2 (P, P, 0, {m} 12364 ) + y° 3 (P, P, Pl , {m} 12365 ) - Vi° (P, P, 0, {m}i 2364 ) 
-^ 5 (P,P,0,{to} 12364 )], 

' ' - /i 45 - V^P, P,p u {m} 12365 ) + ^(P, P, 0, {m}i 2364 ) + V£ (P, P, 0, {m}i 2364 ) 

- y° 3 (p, p, 0, {m} 12364 ) + (p, p,pi, {m} 12365 ) - (p, p, o, {™}i 2364 )] , 

-V£ l U5 - V^(P, P, P 1, {m}l2365) + ^° (P, P, 0, {m}l 23 64)] , 

V", (l 165 - P 2 ) - V° X (P, P, 0, {m} 12364 ) + V&i-P, -P, -pa, {m} 2 i 345 ) 

- V t G 22 {P, P, 0, {m}i 2364 ) + T^ 2 (-P, -P, -P2, {™} 2 i34 5 ) + V^(P, P, 0, {m}i 236 4) 

- V^i-P, -P, - P 2, {m} 21345 ) + V? m (P, P, 0, {m}i 2364 ) - V&i-P, -P, -pa, {m} 2 i 345 ) 
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+ V°(-P, -P, - P 2, {™} 2 1 345 ) ~ V°(-P, -P, -P2, {m} 21345 ) + V G (-P, -P, -pa, {m} 213 4 5 ) 
- V G (-P, -P, -Pi, {m} 2 1345) + V °(-P, -P, -P2, {m} 213 4 5 ) 1 



^12213 



(-P -P, ~P2, {m} 213i5 ) + V G (-P, -P, -p 2 , {m} 21345 )] , 

V* 2 (l W5 - P 2 ) - V G 21 (P, P 0, {m} 12364 ) + V G 21 (-P, -P, -p 2 , {to} 2 i 345 ) 
- V G 2 (P, P, 0, {m}i 2364 ) + V G 3 (P, P 0, {™}i 2364 ) + V° t (P, P 0, {m} 12364 ) 



r, u, im>i 2364 j + v~ 3 {r, P u > iw|i 2364 ; -+- v- B {r, t 
f V 2 G (-P, -P, -Pi, {m} 2 i 345 ) + ^(-P, -P, -p 2 , {m} 21345 ) + K G (-P, -P, -pa, {m} 21345 ; 

"0, {m}i2364) + ^ (-P, -P, -p 2 , {m} 2 i 345 ) 

j t~> r\ t T i tag In n n r 1 \ 



< 2214 = ^ [V£ {hes - P 2 ) - V G 21 (P P, 0, {m} 12364 ) + V G 21 (-P, -P, -p 2 , {m} 21345 ) 

- V G 2 (P, P 0, {™}i 2364 ) + V° 3 (P, P, 0, {m} 12364 ) + V G 5 (P, P, 0, {m} 12364 ) 

- V G 5 (-P, -P, -p 2 , {m} 21345 ) + V G (-P, -P, -pa, {m} 21345 ) + V G (-P, -P, 

- -P, -pa, {m} 2 i 345 ) + K G (-P, -P, -pa, {m} 21345 )] , 

l r... _o. ... „ , _ _ 



^12215 



-p 2 ,{m} 2 i 345 ) 



'^.(ixaB-P 2 )-^ 



121 (P,P,0,{m} 12364 ) + V; G 1 (-P,-P,-p 2 ,{m} 2 i 34 5) 

- V G 2 (P, P, 0, {m} 12364 ) + y G 3 (P, P, 0, {m} 12364 ) - K G (-P, -P, -P2, {m} 21345 ) 
+ V£ 5 (P, P, 0, {m}i 2364 ) + V 2 G (-P, -P -P2, {m} 21345 ) - V 2 G 2 (-P, -P, -p 2 , {m} 21345 ) 
+ V G (-P, -P, - P 2, {m} 21345 ) + V G (-P, -P, -p 2 , {m} 21345 ) 



y K = - 

^12216 r> 



Kl(«165 - P 2 ) - ^ 4 (P, 



u K = - 

^12217 rj 



P, 0, {m} 12364 ) + V G 4 (-P, -P, -pa, {m} 2 i 345 
- V 2 ' 2 (-P2, -P, {m} 2365 4) 





v K = - 

^12218 



™?34 + P,Pi, {m}i 2365 

P (P, W12) C 11 (p 1 ,p 2 , {m} 456 ) - K J (--P2, -P, {m} 23654 

2 L -^ TO ?34 + K?(P P,Pi, {™}i23 65 ) - ^ G (P, Ppi, {m} 12365 ) 
- ^(-P2, -P, {m} 23654 ) + P (P, {m} 12 ) C 12 ( Pl ,p 2 , {m} 456 ) - V^-jfc, -P, {m} 23654 )] . (422) 



• i? family Eq.(412) 

It is convenient to define certain 
the present subsection): 

K Ai ' 22i " v 12i1 y Bi v li 

v G = V G - v° V G = v° - v° 

v Ci v li v 2i ) v 12A v 125 ^123' 



combinations of form factors to be used in this family (they only appear in 



= V 1 + V 1 V G = V G -V G V G — v° — V G 

v li > * 2i-i y Ai v Hi ' 12i1 v Bi v 22i ' 12i1 



(423) 



We obtain 



v H = 

^2223 



v" = - 

^2224 



= ~ v 2l ln 5 -I- V G (P2,P2, -Pi, {m} 2 i 634 ) - V G 2 (p 2 ,p 2 , -Pi, {™} 2 1 634 ), 

= ~V 2 " rn5 + V rG 1 (p 2 ,p 2 ,-pi,{m} 2 i 634 ) - V G 2 (p 2 ,p 2 ,-pi,{TO} 2 i 634 ), 

2 V 22i ( 2 Pi - keb) + V G (p 2 ,P2, -pi, {m} 2 i 634 ) + V G 2 (p 2 ,p 2 , -pi, {m} 2 i 634 ) 

- ^ G 2 (-p 2 , ~P2,Pl, Wl 2 543) + V G Jp 2 ,P2, -Pi, {?™} 2 1634) - V G 2 (-p 2 , ~P2,Pl, {w}i 2543 ) 

- 2V rG 2 (p 2 ,p 2 ,-pi,{TO} 2 l634) , 

V 222 ( 2 Pi - keb) + V G 1 (p 2 ,P2, -Pi, {m} 2 i 634 ) - V G 1 (-p 2 , ~P2,Pl, {m-}i 2543 ) 

bi(P2,P2, -Pi, {™} 2 1634) - V G 1 (-p 2 , -p 2 ,Pl, Wl2543) + V G 2 (p 2 ,P2, ~Pl, {^} 2 1634) 

,P2, ~Pl, {w} 2 i 634 ) - V G 2 (-p 2 , ~P2,Pl, {w}i 2543 ) 
-no —no n, ( m \t or a o 1 — 9 V G L no — p 1 ; {m} 2 i6 34 ) 



1 

2 

+ Vi 



v G ( 

2V G 3 (p 



^fZTfZi yi ; 1" V J zibo4y 'biV /'^i/'ij L""J Lzaisi i » A2 V-P^ i -P^ i /'i: 

!-p 2 , -P2,Pl, {™}l 2 543) + V^ 2 (p 2 ,P 2 , -Pi, {?™} 2 1634) - V G 2 (-p 2 , ~P2,l 
\{P2,P2, -Pi, {™} 2 1634) + 2V A 3 (-P2, ~P2,Pl, {m}i 2543 ) - 2 V^, (j> 2 , f>2 , 
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+ 



2 Vz 3 (-P2, ~P2,Pl, {™}l2543) + 2 V° A {p 2 ,P2, ~Pl , {m} 2 i 634 ) - 2V 1 ° 2A (-p2, ~p 2 , Pi , {m}i 25i3 ) 



^2225 2 



,, y^23 ( 2 Pl - '165) + ^(^2,^2, -Pi, {m} 2 1634) + V A2 {jp 2 ,p 2 , -pi, {to} 2 i 634 ) 

- V A2 (-P2, ~P2,Pl, Wl2543) + Vb 2 (P2,P2, -Pi, W2I634) ~ V° 2 (-p 2 , ~p 2 ,Pl, Wl2543) 

- Vc 2 (P2,P2, -Pi, {m} 2 1634) - V° 3 (p2,P2, ~Pl, {m} 2 i 634 ) + V A3 (-p 2 , -p 2 ,Pi, {m}i 2543 ) 

- Vz 3 (p 2 ,P2, -Pi, {m} 2 1634) + V B G 3 (-p 2 , ~P2,Pl, {m}i2543) + V° A (p 2 ,p 2 , ~Pl, W} 2 i 634 ) 



v" = - 

■ 2 2 20 r, 



+ 



224 ( 2 Pi - heb) + V° i (p 2 ,p 2 , -pi, {m} 2 i 634 ) - V Ai (-p 2 , -p 2 ,Pi, W12543) 

V° 4 (p 2 ,p 2 , -Pl, {m} 2 1634) - V° i {-p 2 , ~P 2 ,Pl, {?w}i 2 543) , 

= -V£ ml - V°{P, P,p 2 , {m} 34256 ) + V G (P, P,p 2 , {m} 34256 ), 
= -V 12 ml + V° (P, P,p 2 , {m} 34256 ) - V°(P, P,P2, {m} 3425 6), 

V" r hl2 + V°(P, P iP2 , {™} 3 425 6 ) - VZ{-P, ~P, -P2, {™} 2 134 5 ) 



(424) 



Z L 

V°(P, P, P2 , {m} 3 4256) - V°(-P, -P, -p 2 , {m} 2 134 5 ) + V°(P, P,p 2 , {m} 34256 ) 

' " 7 '~P, ~P, -P2, {m} 2 1345) 



V 5 ) r 2 5 \'"'j342o67 Bl V ' ' . ^ , 
V G (-P, -P, -pa, {m} 213 45) + V°{P, P,p 2 , {m} 3 4256) - V£( 

2 (P, P,p 2 , {m} 3 4256) + 2 V G (-P, -P, -pa, {m} 21345 ) - 2 V^(P, P,p 2 , {m} 34256/ 
2 V G (-P, -P, -pa, {m} 21345 ) + 2 t/ G A (P, P,f> 2 , {m} 34256 ) - 2 F G A (-P, -P, -p 2 , W21345) 

\ [Vf 12 hi2 + V G (P P P2 , {m} 3425 6) + V^(P P P2 , {m} 3425 6) 

y G (-P, -P, -pa, {to} 2 i 345 ) + V°(P, P,p 2 , {m} 3 4256) - V£(-P, -P, -pa, {to} 2 1 345 ) 

2y G (P,P,p 2 ,{m} 3425 6)], 

/212 + ^ G (P, P,f>2, {m} 3 4256) ~ V G (-P, -P, -pa, {m} 2 i 345 ) 



V, 



+ V G (P, P,p2, {m} 3425 6) - V G (-P, -P, -pa, {m} 2 i 345 ) - V£(P, P,p 2 , {m} 34256 ) 

+ y G 2 (P, P, P2 , {m} 3425 6) - V G 3 (P, P,P2, {™} 34256 ) + V° 3 (-P, -P, -pa, {to} 2 1345) 

- V° 3 (P, P,P2, {m} 3 4256) + V£(-P, -P -P2, {™}2134 5 ) + V° A {P, P,f>2, {m} 34256 ) 

- V° A (-P, -P, -P2, {™} 2 1 345 ) 



\ [V^ hi2 + VZ(P PP2, {m} 34256 ) - V G (-P, -P -P2, {m} 21345 ) 

XP, P,p 2 , {m} 3 4256) - V° 4 {-P, -P, -p 2 , {m} 2 1345) 



+ v c 



<2i = -VZ m 
<22 - -V£ ml 



(425) 



{m} 3 4256), 




^1124 
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V G 

v Bl 



+ 



_(P, P,P2, {m} 34 25 6 ) - V°(-P, -P, -P2, {m} 21345 ) - V£(P, P,P2, {m} 3 425 6 ) 
0-P,-P,-p2,{m} 2 1346)], 

i [v£ s Z 2 12 + V°(P, P,P2, {m} 34 25 6 ) - ^(-P, -P, -pa, {m} 213 4 5 ) 

V^P, P,P2, {m} 34 25 6 ) + V°(-P, -P, -pa, {to} 2 134 5 ) + V£(P, P,P2, {m} 34 25 6 ) 
V G 2 (-P, -P, -p 2 , {™} 2 134 5 ) ~ V£(P, P,p 2 , {m} 34 25 6 ) + V£(-P, -P, -p 2 , {m} 2 134 5 ) 

P,p 2 , {™}34256) ~ K?a(-P -P -P2, W21345) , 

hl2 + V°(P, P, P 2, {™} 3 425 6 ) - V°(P, P, P 2, {m} 3 4256) 
V G (P, P,P2, {m} 34 25 6 ) + V£(P, P,P2, {m} 34 25 6 ) - V£(-P, -P, -p 2 , {m} 2 l 3 4 5 ) 
V£(P, P.pa, {m} 34 25 6 ) - V£(P, P,p 2 , {m} 34 25 6 ) + V° a (-P, -P, -p 2 , {m} 2 i 345 )] , 



y° (p 

v 12A ) 

1 



V, 



124 



^212 + V°(P, P,p2, {m} 34 25 6 ) - V°(-P, -P, -p 2 , {m} 21345 ) 



2 

1 

2 

^(^2,^2, -Pi, {m} 2 i 634 ) - V G 2 (-p 2 



\ V "i ( 2 Pl - ^165) + K? 2 (P2,P2, -Pi, W2I634) - V G 2 (-p 2 , -p 2 ,Pl, {m}i 2543 ) 



^ Kf 2 ( 2 Pi - '165) + ^i2i(P2,P2, -Pi, {m} 2 i 634 ) - V 1 G 1 (-p 2 , -P2,Pi, {m}i 25 4 3 ) 

" V 1 G 2 (P2,P2,-Pl,{m} 2 1634) - V G 2 (-P2, -P2,Pl,{m}l2543) ~ 2 V° 3 {p 2 , P2 , ~Pl , {m} 2 1634) 

- 2 K?3(-P2,-P2,Pl,{m}i 254 3) + 2V G (p 2 ,P2,-pi, {m} 2 1634) ~ 2 V G (P2 , P2 , ~Pl, {to>21634) 

- V G {p 2 ,P2, -Pi, {w} 2 1634) + V G 1 {p 2 ,P2, ~Pl, W2I634) - V G 1 (-p 2 , -p 2 ,Pl, Wl2543) 

- 2V G 1 (j)2,P2, -Pi, {m} 2 1634) + V G 2 (j)2,P2, -Pi, {m} 2 1634) - V° 2 (~P2, ~Pl,Pl, {m}i 25 43) 



"0 (P2 , rz- t' 1 ■ 1 ' " 1 _' m.) j 1 • \ j \ l' — ' — ' 1 " ' 1 _ 1.1 1.) j , 

2 V r c 1 (p 2 ,p 2 ,-J)l,{m} 2 1634) + V G 2 (J)2,P2,-Pl, {m} 2 1634) ... 

2 V c G 2 (p 2 ,.P2, ~Pl, {m>21634) ~ 2 V G 3 (p 2 ,P2, ~Pl, {m} 2 i 634 ) + 2 Vf 3 (-p 2 , ~Pl,Pl, W12543) 

{2p\ - il65) + V° 2 (p2,P2, -Pi, {m} 2 1634) - V G 2 (-p 2 , -p 2 ,Pl, {m}l 25 4 3 ) 



2 

V, 



V 1 

'11 



^1 1911 



+ 



A3 

1 

2 



'11 



(P2,P2, "Pi, {m-} 2 l634) + ^2 3 (-P2, -P2,P1, Wl2543) - V; G (p 2 ,P2, ~Pl, {m>21634) 
V r i 2 (P2,P2, "Pi, {m} 2 l634) - V G 2 (-p 2 , -P2, Pi, {W 12543) - V G 2 (p 2 ,P2, ~Pl, W2I634) 

V G 3 (P2,P2, -Pi, {m>21634) + V G 3 (-J32, ~Pl,Pl, {m}i 25 4 3 ) , 

"4 (2 Pi - Zl65) + K? 4 (P2,P2, -Pi, {to} 2 1634) - V; G 4 (-P2, -P2,Pl, {m}i 25 4 3 ) 

V G 4 (p 2 ,P2, -Pi, {m} 2 i634) - V^ 4 (-p 2 , -P2, Pi, {m} 1 2543 ) , 

<22i = ~ V i H i m l ~ ^ 2 ?(P2,P2, -Pi, {m} 2 1634) - V G 2 (p 2 ,P2, ~Pl, {m} 2 l 6 34), 
'f 222 = ~V 12 ml + V G (p 2 ,P2, -Pi, {™}21634) ~ V; G (p2,P2, ~Pl, {m} 2 1634) 

+ K°(P2,P2, -Pi, {?™}21634) + V G 1 (p 2 ,P2, ~Pl, {m} 2 l 6 34) - V G 2 (p 2 ,P2, "Pi, {m} 2 i 634 ), 



(426) 



i; H = - 

^1223 



\ [V 221 hl2 + V G 21 (P, P, P 2, {m} 3 4256) - V G 21 (-P, -P, - P 2, {m} 2 1345) 

V G 2 (P, P, P 2, {m} 3425 6) - V G 22 (-P, -P, -pa, {m} 2 i34 5 ) - 2 y G 3 (P, P,p 2 , {m} 34 25 6 ) 

' ' '■ ' ■ •>! ' /' /' /,., !,/*!• , , •> \ ' - /' /' /,., Iml„n„ 



F G 2 (P, P >P2) {m} 3425 6) - V G 22 (-P, -P, -P2, {m}21345) - 2 V G 3 (P, P,p 2 , {m} 342 5 

2 O-P, -P2. {W21345) + 2 y G (P, P,p 2 , {m} 34 25 6 ) - 2 F G (P, P >P2 , {m} 34 
V G (P, P,p 2 , {m} 34 25 6 ) + ^(P, P,P2, {m} 34 25 6 ) - ^(-P, -P, -p 2 , {m} 2 l 3 4 5 ) 

^(-P, -P, -p 2 , {m} 2 i 3 4 5 ) - 2 y G (P, P,p 2 , {m} 34 25 6 ) 



+ y G 2 (P, P.pa, {m} 34 25 6 ) - V G 2 ( 

+ 2F G (-P,-P,- P 2,{m}2i 345 ) 
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v H = - 

^1224 2 



L V 2 H 22 hl2 + V° X [P, P,P2, {m} 3 4256) - V^i-P, -P, - P 2, {™} 2 134 5 ) 
V 2 °(P, P, P 2, {m} 3 4256) ~ 2 V°(-P, ~P, -p 2 , {m} 2 i34 5 ) + V °(P, P,P2, {m} 3 4256) 

- V G (-P, -P, - P 2, {m} 2 i345) + V°(P, P,p 2 , {m} 3425 6) - V°(-P, -P, -pa, {m} 21345 )] , 



+ 2 



w H = - 

^1225 



V 2 H 23 l 2 12 + V° X [P, P,P2, {™} 3 4 256 ) ~ V° x {-P, ~P, -P2, {™} 2 134 5 ) 



v H = - 

1226 .a 



1 

v = — 

^1228 2 



+ 



- y° 3 (P, P,p 2 , {m} 3425 6) + (-P, -P, -p 2 , {m} 21345 ) + 2 V£(P, P,p 2 , {m} 34256 ) 

- V 2 G (-P, -P, -p 2 , {to} 2 i 345 ) ~ V£(P, P,p 2 , {m} 34256 ) + V£(-P, -P -P2, {m} 21345 ) 
+ V G (P, P,p2, {m} 3425 6) + V°(P, P,P2, {m} 34256 ) - V£(-P, -P, -p 2 , {m} 21345 ) 

- F B G (P, P,p 2 , {m} 34256 ) + y^(-P, -P, - P 2, {m} 21345 )] , 
V 22l hi2 + V|° (P, P,p 2 , {m} 3425 6) - V; G 4 (-P, -P, -P2, {m} 2 i 345 ) 

+ V° A {P, P,p2, {m} 34256 ) - V£(-P, -P, -p 2 , {m} 2 i 345 )] , 

Kfi ( 2 Pl - h65) - V 2 G 2 (p 2 ,P2, -Pi, {m} 2 1634) + V A2 (p 2 ,p 2 , ~Pl, {m} 2 i 634 ) 
A2\~P2, ~P2,Pl, {m}i 2543 ) - V G 2 (p 2 ,p 2 , ~Pl, W 2 163 4 ) , 

L V i22 ( 2 Pl - h65) + V G 1 (p 2 ,P2, -Pi, {™} 2 1634) - V° 1 (-p 2 , ~P2 , Pi , Wl 2 54 3 ) 
' V° 1 (p 2 ,P2, -Pi, {™} 2 1634) + V° 2 (p 2 ,P2, -Pi, {m} 21634 ) - V° 2 (-p 2 , -p 2 ,Pl, {™}i 2543 ) 

- V G 2 (p 2 ,p 2 , -pi,{m} 2W3i ) -2V° 3 (p 2 ,P2,-pi, {m} 2 i 634 ) + 2 V G 3 (-p 2 , -p 2 ,Pi, {m}i 2543 ) 

+ V 1 ° A ( P 2 



v H =- 

u \227 2 



- v° 2 ( 



V = 

^1229 



P2, -Pi, {™}21634) - 2 V G 3 (p 2 ,P2, -pi, {m} 2 i 634 ) + 2 V G 3 (-p 2 , -p 2 
,P2, -Pi, {m} 2 i 634 ) - V° A (-p 2 , -p 2 ,pi, {m}i 2543 ) , 

- , |_'i23 ( 2 Pi ~ l W5) + V A 3 2 (p 2 ,p 2 ,-p 1 ,{m} 2W34 ) - V A 3 2 (-p 2 ,-p 2 ,Pi,{m} 125 43) 

- V° s {p2,P2, -Pi, {m} 2 i 634 ) + V° s {-p 2 , ~P2,Pi, {m}i 2543 ) + V° A (p 2 ,P2, -Pi, {m} 2 i 634 ) 



- Vi°a{-P2, ~P2,Pl, {m}i 2543 ) , 

<22io = \ v i" 5 ( 2 Pi - hes) + V G (p 2 ,p 2 , -p x , {m} 2 i 634 ) - V 2 G 2 (p 2 ,p 2 , -pi, {m} 2 i 634 ) 
+ V G (p 2 ,p 2 , -Pi, |m} 2 i 634 ) + V° (p 2 ,p 2 , -pi, {m} 2 i 634 ) + V G (p 2 ,p 2 , -pi, {m 



V 1 H 25 (2pl-l 165 ) 

Z L 

+ V G (p 2 ,p 2 , -pi, {m} 2 i 634 ) + V G 1 (p 2 ,p 2 , -pi, {m} 2 i 634 ) + V A2 (p 2 ,p 2 , -pi, {m} 2 i 634 ) 
- KS(-P2, -p 2 ,Pi, {m}i 2543 ) - 2 V G 2 (p 2 ,p 2 , -pi, {m} 2 i 634 ) - V A G 3 (p 2 ,p 2 , -pi, {m} 2 i 634 ) 

+ ^a G 3 (-P2, -p 2 ,Pi, {m}i 2543 ) , 

[v i24 ( 2 Pi - ^165) + V^ G 4 (p 2 ,p 2 , -pi, {m} 2 i 634 ) - V Ai (-p 2 , -p 2 ,pi, {m}i 2543 ) . 

three tensors with completely saturated indices are presented, 
a for the form factors which are needed, implicitly, for some of 



v H = - 

^12211 2 



(427) 



In the following Appendices results for rank three tensors with completely saturated indices are presented. 
At the same time we give an explicit solution for the form factors which are needed, implicitly, for some of 
the contracted expressions and, explicitly, for testing WST identities. We recall that tensors with saturated 
indices are of the upmost importance for applications related to projection techniques (see Section 4). 



B.8.3 The V M family 

Almost all contracted tensors in this family can be trivially obtained using Eq.(411) and the definitions of 
Eqs.(414)-(417). Only for the 111 group we have to solve first for the form factors and then to replace the 
resulting expressions into the decomposition of the saturated tensors; in this way we are able to obtain 

V M { l i, l i,p 1 10) = < llPl +< 12 Pi 2 , V M (»,fi,p 2 |0) = < xl pi 2 +v? 112 p 2 2 , (428) 



86 



(n + 2) K M (p! , Pl , P2 | 0) = 3 < X1 £) 3 - < 12 (2 D - 3 Di) - < 13 p? (n - 1) D 3 



+ 

+ <i 4 f>l 



nD-(n-l)Di 

Pl2 



[2 (n - 2) 



(n - 2) £) - 3 (n - 1) Di 
D-3(n-l)(Di-D 3 ) 



6 (n - 2) £> - (n - 1) (9 £>i - 11 D 3 ) 



(n + 2) V M (p 2 ,p 2 ,Pi I 0) = -<„ (2£> - 3Di) +3< 12 D 2 



+ < 15 P2 
-2< 15 P12 

-3< 14 P? 



2 (n - 2) D - (n - 1) (3 £>i + D 2 ) 



nD — (n — 1) £>ij -3< 16 p 12 
2(n-2)£)-3(n-l)Di] +9< 15 p? 
(n-2)D-3(n-l)Di] +< 13 p? 
fiD-(n-l)£)i 



(n - 2) D - 3 (n - 1) Di 



nD-(n- l)D 1 
nD- (n-l)D 1 



+ <i 4 Pl2 



(n-2)D-3(n-l)£>i 



(n + 2) y « ( pi , Pl , Pl j 0) = 3 p? Di + 3 < 12 p 12 £>i - 11 < 16 p? D, (n - 1) 



3 n D Di + (n + 2) D D 2 - (n - 1) L>i (D 2 - 9 D 3 + 3 £>i) 



9 < 15 p? Di (n - 1) + 3 < 15 £>i n D + (n - 1) (2 D 3 - Di) 



-(n-1) 



,P?-3< 14 p? + 3< 14 £> 3 



U 1116 Pl 



(n + 2) p? V M (p 2 , p 2 , p 2 | 0) = [3 < X1 D 3 + 3 < 12 £>! - < 16 p 2 . D x (n - 1) - 3 < 16 p 12 Dj (n - 1) 

QnDDi - ll(n + 2)DD 3 + (n - 1) £>i (11£> 3 -91>i) 
3< 15 Pi [2nL>Di - 3(n + 2) J DZ) 3 + (n - l)L>i (3£> 3 -2£>i) 
3 < 15 p 12 £>? (n - 1) + < 13 P? D 3 \(n + 2) D - (n - 1) ^ 



+ 3< 14 P? 



nD Di - (n + 2)DD 3 + (n - I) D x (£> 3 - £>i) 



(429) 



We still need the explicit form of the form factors which requires generalized scalars of Eq.(418): 



(V M \ 

v 2221 

v 2222 

T/M 
v 2223 

V M 

v 2224 
T/M 
v 2225 

\V M I 

\ v 2226 / 



fv M \ 

v 1222 

V M 

v 1223 
T/M 
v 1224 

yM 
v 1225 

\ V M ) 

\ v 1226 / 



(n + 2 2p 12 p\ p\ \ 1 /< 21 \ 
2 P12 p\ 
1 p 2 P12 
pj P12 

Pi P12 

v 2 p 12 p 2 / v<2 8 y 

(2 p 12 p 2 \ _1 / <, 3 \ 

1 pj P12 

p 2 P12 

p 2 P12 

P12 P12 < 27 
VP12 Pl / \<2io/ 
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/ T TM \ 




/ A 


2 + n 


„2 
Pi 




2pi2 





2 

P2 


u 


2 1 


-1 


/ M \ 
( V™22 \ 


V M 




2 





Pl2 





Pi 





2 







V M 
^1123 


V M 

v 1123 


















P12 










v M 

^1124 


V M 

v 1124 










pI 





P12 













^1127 


V M 

v 1125 




Pi 


P12 






















^1126 


V M 

v 1126 




1 







pI 








1 







u 1129 


V M 

v 1127 







2 





P12 





Pi 





2 




v M 

^1128 


V v M i 

\ " 1128 / 




\Pl2 


Pi 

















oy 




\ "11210 / 



For the 111 group we have 

(n + 2) = < 13 p? + < 14 (-3p 2 + 2p 12 ) + < 15 (9p 2 - 4p i2 + V \) 

+ < 16 (llp?-6pi2+j^)+< 11) 
(n + 2) = < 14 p? + 2 < 15 (-p? + p 12 ) + < 16 (-3p 2 + 2 Pl2 + p§) + < 12 , (430) 



v 1113 ^1114 

V M = -v M 

" mt; ^iiiq 



+ 2< 15 
+ 3< 14 



■3«f 
9w, A 



v l] 



' 1 1 



(431) 



B.8.4 The V K family 



Most of the fully saturated rank three tensors in this family can be trivially obtained from the partial 
contractions of Eq.(412) and evaluated with the help of Eqs.(419)-(422). Some of them, however, correspond 
to contractions leading to irreducible scalar products and, therefore, they require an explicit solution for the 
form factors. The latter arc given in the following list where we use shorthand notation, Pi = Pi ■ P: 

P 2 P 2 V K ( Pl , Pl ,P2 I 0) = < lllP 12 \D (P 2 +P12) +P12 (P 2 P12 + P?) 



+ v K 
' "1112 



- v, 



D [Pi + p\ 2 ) + p\ 2 (P 2 P12 + Pi)] - < 114 D P 2 p 2 2 + < 11B D (Pi P12 + D) 
(n - 1) (DP 2 + P 2 p 2 2 ) + D Pl2 ] + Vfn D 2 (n - 2), 



P 2 P2 V K ( P2 ,p 2 , Pl I 0) = < in p\ 2 (D + P 2 Pl2 + Pi) + < 112 P 2 [D (p 12 - P 2 ) + P 2 p 12 \ - Cn D 2 (n - 2), 
- < 114 D P 2 (p 12 -P 2 )+ < 115 D P 2 (P12 + P2) + [(n - 1) P 2 (£> -P 2 Pi2)-D(n- 2) p 12 



P 2 P 2 V K {p u p uPl I 0) = < X11 (£) + P lPl2 ) (p? + £)) - ^ 2 (n - 2) 



+ <n 



D (D + 2P 2 p 12 + P 2 12 )+ p\ 2 (P 2 P12 + P?) - < 114 D (2 P 2 P12 + Pi P12 + D) 



- < 115 D (Pj p 12 + £>) - < 116 [(n - 1) (£> Pi - Pi 2 P12) + D (n - 2) p 12 

P 2 P2P\ V K (p 2 ,P2,P2 I 0) = < X11 p\ 2 (D + P 2 Pl2 + P 2 ) + < 112 P 2 [p 2 2 (£) + P 2 ) +D(D- P 2Pl2 ) 

- < 114 £> P 2 (p 2 2 - P 2 ) + < 115 £) P 2 (p 2 2 + 2 P 2 P12 - D) 
DnP 2Pl2 - (n - 2)D (p 2 2 + D) + D P 2 - (n - 1) P 2 p 2 2 l + D 2 (n - 2)p\. 



(432) 



For some special purpose, one may need to have direct access to the explicit expressions of the form factors, 
or of the uncontracted tensors, which is the same. Here is their solution: 



G- 1 



fV K \ 

y 2223 \ 

V K 

v 222- 

V K 

v 2221 

\v K I 

\ y 2226 / 



(2 Pl2 p 2 p 2 0\ 1 /< 2 i-(n + 2)y- 21 \ 



P12 p\ 
p\ P12 

V p{ P12 / 



- 2V K 

^ y 2221 



v K - V K 

^2225 2222 
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V K = 

v 1111 



" T/ l,l|l,l,3|2 T/ l,l|l,2,2|2 T/ l,l|l,3,l|2 1 T/ l,l|2,l,2|2 1 , ,1,1|2,2,1|2 
» jf + »K T »x + — V K ■+■ — V K 

+ V MH,2,1|3 + ^1,211,1,311 



v 1112 



+y M|l,l,2|3 
2|2,2,1|1 

^l 'mi T "ni6 



I ■ ft .ft I ' ft I • ft 

T/ l,2|2,2,l|l T/ l,2|3,l,l|l T/ l,2|l,l,2|2 T/ l,2|l,2,l|2 



z 

T/ l,2|l,2,2|l T/ l,2|l,3,l|l T/ l,2|2,l,2|l 
+ ^1,212,1,112 + ^,2|1,1,1|3 



1 

P2^ 



I 'lll3 \ 

V K 

'ill. 

'111! 

Wie/ 



Pi 



o 



V 



V 1 h 



V 



(« + 2)K> 
(n + 2)K1 

- V K 

15 'mi 

- 2 V K 

, iJ '1119 



/ 2^12 

Pi 2p 12 

Pl -Pp 2 -P 

Pl-P i) P 2-P J 

Note that for the 111 group one form factor must be written in terms of generalized functions. This is 
a typical aspect of the procedure where, sometimes, the equations that one obtains are not all linearly 
independent. 

/ V K \ 



V r 

v i i 



(433) 



/ V£ 21 \ 


( 2 





p\ 





2^12 








p\ \ 


-1 


// -nV K 

^1121 ' 1123 


\ 


V K 

v 1122 


1 














Pl-P 


Pl-P 







v K ~ V K 

^11210 '1124 




V K 

v 1125 





1 








Pl-P 








P2-P 




v K - V K 

^11211 '1123 




V K 

v 1126 


Pi-P 


P2-P 






















^1123 




V K 

v 1127 


2 





Pi 











P12 







^1124 




V K 

y 1128 











P12 











Pi 




^1125 




V K 

y 1129 


1 











pi 


Pl2 










^1126 




\ ^11210 / 


V o 





Pl2 











Pi 


o J 




\ ^11212 


/ 



/ \ i / ^ K \ 

/ v 1221 \ /Of — 1 / ^1227 1 

I v k ) ~ \v k r 

\ v 1222 / \ ^12216 / 



' 1223 


(n 





Pi 





2^12 








pi) 


-1 


/ V K —1V K \ 
^1221 ^ ' 1221 


V K 

' 1224 





n 





p\ 





2^12 


Pi 







7;^ - 2 V* 

^1222 ' 1222 


V K 

' 1225 


1 





p? 





Pl2 













v K - V K 

^1223 1221 


V K 

' 1226 














Pi 








P12 




v K - V K 

^1225 ' 1222 


K?27 











Pl2 





Pi 










v K 

u 1224 


v 1228 








Pl2 





p\ 













^12212 


v 1229 

















pI 


Pl2 







^12215 v 1221 


\ ^12210 / 


\o 


1 





pi 





Pl2 





o J 




I - v K 1 

\ ^12213 1222 / 



B.8.5 The V H family 

We obtain tensors with saturated indices in the 111 and 222 groups from the corresponding results in the 
V M family by replacing vf lu and v™ 2i with v" lu and v" 22i . Once again there are saturated tensors leading 
to contractions with irreducible scalar products that require an explicit solution for the form factors. The 
latter are given in the following list: 



Pi2pl V H (n\fi,p 2 ) 



Pl2Pl V H (p 2 \P2,P2) 



,P>P12 - 

.nDp 12 
1P12 (n- 



'1228 

- v" 



Dpi (n-1) 

210 ( n ~ 1) ( D ~ Pl2) + K23 D 3Pi 



l)D 



P12 



(n-l)Dpi + 2D 3Pl2 



V 12 26 D 3 
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V H (p 2 \pi,Pi)= < 223 v\ + < 224 P? 2 + 2 < 225 D 3 + < 226 Pi , 
V H (n, Pl I /x) - < 121 D + < 1211 # 3 + < 23 # 2 



+ i> 



D(n-l)+p? 2 



- u. 



D(n-l)-p? 2 + < 126 P? 2 , 



V H (p 2 ,P2 \pi)=V 

The form factors are obtained as follows 



1125 
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1126 Pi2- 



(434) 
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C Symmetry properties 



Before discussing the symmetry properties of two-loop functions we briefly describe our strategy to 
generate Feynman diagrams. We use the QraphShot code [34], written in FORM [35], which uses the same 
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logic introduced in [36] and has also been applied to one-loop diagrams in [37]. Well-known packages for 
diagram handling are listed in [38] . 

The basic algorithm is inspired by an efficient way of accounting for combinatorial factors in diagrams 
and uses the results of [39] . 

QraphShot has a table of all the vertices occurring in the Standard Model, which involves the parti- 
cles 7, ■ • ■ /, ■ ■ •• Starting from the class of diagrams one wants to evaluate, QraphShot generates all the 
graphs by inserting every possible combination of propagators 77, //, //, • ■ • in the topology, discarding 
those containing non existing vertices. Combinatorial factors are included for each graph corresponding to 
the situation where all propagators are scalar and identical. An example is given in Fig. 18. After their 



Q E D 



Cl31 




Figure 18: The QED 5* E graph as generated by QraphShot [34]. The combinatoric factor C131 corresponds to the 
scalar S B graph with identical lines and is equal to 1/2. 



generation, the diagrams are ready for evaluation or for a check of the corresponding WST identities of the 
theory. For the latter case we always produce a full scalarization of the result and look for symmetries among 
the various terms in the result. A typical intermediate output of QraphShot is given in Eq.(301). 

Let us give an example of the symmetries: for the S A family we have the inverse propagators [1] = 



9? 



ml, [2} A = (ft 
for 'followed by'): 



92 +p) 2 + m\, and [3] A = g| 



Consider a set of transformations (where stands 



a) 


qi - 


-> qi + 92 - p © 92 - 


* -92, 


b) 


91 *■ 


"> 92, 




c) 


92 - 


-> -92 + 91 +p; 





(435) 



they correspond to symmetries specified by 

a ) ->■ Sg(p,{m} 123 ) = Sg(~p, {m} 2 i 3 ), 

St(p, M123) = S?(-p, {m} 213 ) + S?(-p, {m} 213 ) - St(-P, {m} 213 ), 
S*(p, {m}i2 3 ) = S*(-p, {m} 2 i 3 ), 



b) 



So(P, {™}i2 3 ) = Sg(—p, {m} 321 ), 
Sf{jp,{m\ 12 z) = -S^(-p,{m} 32 i), 
■ So(p,{m}u3) = S*(p, {™}i 32 ), 
■S?(p,{m} 132 ) 



S?{ P , {™}i 23 ) = Sf(p, {™}i 32 ), 

S?(p, {m} 123 ) = -S?(p, {m} 132 ) + St(p, {m} 132 ) + S >, {m} 132 ). 



(436) 

For the other two-point functions we recall the conventions: each propagator will be denoted by [i] = + m\ 
and 

C, k\ = qi, k 2 = qi - <? 2 , fc 3 = q 2 , k± = q 2 + p, 

D, ki = qi, k 2 = qi+p, fc 3 = q% - q 2 , k A = q 2 , 
E, 



%l — qi, ft,2 — qi -TP, ^3 — qi - 
h = qi, k 2 = qi — 92, fc 3 = 92, 



ki = q 2 
ki = 92, 
ki = q 2 



h = 92 + P, 
-p, k 5 = q 2 . 
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We simply indicate the symmetry property of the scalar configurations; for instance, a change of variables 
9i — > Qi + 92 followed by q 2 — > — 92 corresponds to a symmetry of the S c family with respect to the exchange 
p — ► — p and mi <-► 777,2: 

S 10 : 9i -> 9i +92 © 92 -92, => p->-p, m 1 ^m 2 , 
S E : m3 <-> 7775, 

9i -> 9i + 92 © 92 -» -92, P -» -p, "2i <-» m 2 , 

5° : 9i <-> 9 2 , => mi <-> m 4 , m 2 <-> m 5 , 

9i — > 9i - P , 92 — > 92 - P, ^mi«ni2, m 4 <-> m 5 . (437) 

Finally, let us consider the symmetries of the three-point functions; for the general class V 1N1 we obtain 

V 1N1 : 91 ^ 9i + 92 © 92 ^ -92, => Pj -> ~Pi, mi <-> m 2 , 
y M : 7773 <-> m6, 

m 4 <-> m 5 , pi <-> P , p 2 — » -p 2 . (438) 

For symmetries in the T^ G , y K and F H families we have 

V G : 91^92, => m 2 <-> m 4 , mi«m 5 , pi <-> -p 2 . 

: 9i — > 9j - P, 4 mi « m 2 , m 4 <-> m 6 , Pi <-> — p 2 . 

: 9i <-» <72, =^ TTT-i < — > m 5 , m 2 <-» me, m 3 <-» m 4 , pi p 2 . (439) 
All symmetry properties refer to the scalar configurations. 
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